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Introduction

A fresh approach to reasoning and representation has been emerging at
the crossroads of the philosophy of mind, cognitive science, logic, and
computer science.! Our ordinary reasoning typically involves informa-
tion obtained through more than one medium—sentences, diagrams,
smells, sounds, and so on. Recognizing the actual practice of this multi-
modal reasoning, researchers have started focusing on multi-modal,
or heterogeneous, representation systems, which employ both symbolic
and diagrammatic elements. This is a clear departure from the major
direction taken by logicians and mathematicians since the development
of modern logic: For more than a century, symbolic representation sys-
tems have been the exclusive subject for formal logic.

This book analyzes a well-known, but much-criticized, non-symbolic
representation system, Peirce’s system of Existential Graphs (henceforth,
‘EG’), and presents a new approach to EG based on the discovery of its
unique nature and on the reconstruction of Peirce’s theory of represen-
tation. I will explore specific differences between symbolic and diagram-
matic systems both in reading-algorithms and in the formulation of
inference rules, and I will draw out the implications of these results for
several long-standing debates in various disciplines that study multi-
modal systems. Before locating this work within the overall picture of
research into heterogeneous reasoning, it will be useful to re-examine
two related major assumptions which underlie the general heterogenous
reasoning project. One is the shared view that there has until quite
recently been a long-standing prejudice against non-symbolic represen-
tation in logic, mathematics, and computer science. The other is the
assumed distinction between symbolic and diagrammatic systems. I do
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share the view that there is a prevailing bias against non-symbolic sys-
tems, and I do assume that symbols are different from diagrams. How-
ever, I believe that in order to achieve further fruitful results the time has
come to raise more fundamental questions about the main assumptions
behind this fast-growing body of research into heterogeneous systems.

In the present work, I would like to emphasize the following circular
relation between these two points—the strong preference for symbolic
over diagrammatic systems and the distinction between these two types
of systems. Without a solid theoretical background for the distinction
between symbolic and diagrammatic systems, we easily overlook differ-
ent kinds of strength and weaknesses that each type of system possesses.
Then, given the general predominance of symbolic systems in the study
of logic, we tend to try to understand and evaluate diagrammatic sys-
tems against the criteria of a symbolic system. As a result, without their
own strengths being discovered, diagrammatic systems have been criti-
cized mainly because they lack the properties of a symbolic system. In
turn, this unfortunate result—stemming partly from a prejudice against
diagrams and partly from an unclear distinction between symbols and
diagrams—only reinforces the existing prejudice against non-symbolic
systems. I claim that these two main phenomena reinforce each other in
a vicious circle.

Where do we need to step in to break this circle? First of all, we
should stop evaluating diagrammatic systems in terms of symbolic sys-
tems. This would be possible only if we could develop an independent
way of approaching diagrams. Again, an independent method cannot
become available without identifying the positive properties that dia-
grammatic systems uniquely possess.

In this book, I examine Charles S. Peirce’s “Existential Graphs” as a
case study to support my claim that a prejudice against diagrammatic
systems reinforced a superficial distinction between symbols and dia-
grams and vice versa, and to show how this vicious circle can be broken.
Let me briefly explain below why Peirce’s graphical system provides us
with an exceptionally fitting case study for our present inquiry.

At the dawn of modern logic, Charles S. Peirce invented two different
types of logical systems, one symbolic and the other graphical. Why has
the symbolic system absolutely dominated the other in the subsequent
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development of logic, despite the fact that Peirce himself considered EG
superior to his symbolic logical system?? We should be careful not to
answer this question by citing the existing prejudice against diagram-
matic systems. That would not explain much about the nature of the
prejudice we are interested in investigating. More importantly, com-
plaints against EG are different from complaints against the use of dia-
grams in proofs. Diagrams, critics say, are not rigorous enough to be
used in a proof or tend to mislead us in a proof. Accordingly, diagrams
are used with caution and only as heuristic aids. However, in the case of
EG, logicians accept that EG is sound and complete. In spite of its rigor,
EG has not been adopted for deductive reasoning. In this case, the criti-
cism is more specific: The graphs of EG are difficult to read off, and the
rules of EG difficult to use.

Why does a translation of a graph of EG almost always result in a
complicated-looking sentence? Why is EG harder to use than natural
deductive systems in spite of the apparent similarity between how these
two systems are set up? Surprisingly, I find the same source responsible
for these two puzzles: Despite the fact that EG is known to be a graph-
ical system, the iconic features of EG have not been fully implemented
either in any existing reading algorithm or in how the transformation
rules are stated. This deficiency has yielded complicated and unintuitive
reading methods and produced transformation rules that are not
fine-grained enough to be used conveniently. A somewhat ironic, trivial-
sounding but unobserved lesson follows: When a system is heteroge-
neous or diagrammatic, its iconic features should be fully utilized both
in its syntax and semantics. Otherwise, many kinds of inefficiency will
arise. Therefore, the existing criticisms against EG are the necessary
product of the traditional, less then fully iconic way of approaching EG,
and I argue that my new ways of understanding EG disarm the main
criticisms of EG.

What, then, is the main difference between the traditional method and
the new method I will present in this book? I will show that a strong
dominance of symbolic over diagrammatic systems is present in how
we traditionally have understood EG: Graphs of EG are read off very
much as symbolic sentences are, and the inference rules of EG are
understood as being like the rules of natural deductive systems. This
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misguided assimilation of EG into a symbolic system, I claim, is the most
fundamental source for the existing complaints against EG, which, in
turn, supports a bias against non-symbolic systems. Here we confirm the
existence of the vicious circle pattern. In order to correct this situation, I
will rely on my discovery of the fundamental differences between EG
and a logically equivalent symbolic system in two major respects.

First, I demonstrate how differently a meaningful unit of each system
can be read off. In order to prevent ambiguity, the semantic interpreta-
tion of a symbolic sentence requires its unique readability, and hence no
possibility of multiple readings. On the other hand, in the case of EG,
multiple readings do not generate ambiguity. Moreover, multiple read-
ings for one and the same graph are the most natural since we perceive
a graph differently depending on how we carve it up. Importantly, we
may obtain a comprehensive algorithm of multiple readings when we
utilize more fine-grained visual features present in graphs. Second, I
claim that the naturalness of the inference rules of a system is a relative
concept. In the case of a natural deductive system, inference rules are
stated so as to reflect the derivational history of a formula. However, in
the case of EG, since so many different derivations are available for a
graph, we should free the transformation rules of EG from any deriva-
tional history of a graph and look for a type of naturalness appropriate
to a graphical system.

To find this type of naturalness both in the reading of graphs and
in how inference rules are set up, the current work presents a new read-
ing method of graphs and a newly formulated system of EG. Hence,
we may meet the traditional objections to EG—that the system is hard
to read off and hard to manipulate. Furthermore, this case study
offers a new approach to non-symbolic systems in general. It urges
heterogenous-system researchers to ask whether they fully utilize visual
aspects of a non-symbolic system for a direct and natural reading algo-
rithm, for an efficient formulation of inference rules, and for an intuitive
interpretation of these rules. If we do not take advantage of visual dis-
tinctions already present in a system, we can only expect a graphical
system to be less useful or less intuitive than the symbolic system whose
criteria have been used to interpret the graphical system. Unless we
adopt independent methods or criteria for a graphical system, we cannot
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challenge the long-standing prejudice against non-symbolic systems, but
only reinforce it.

This project draws on results from various disciplines concerned with
diagrams. A distinct role that diagrams or pictures—as opposed to tra-
ditional linguistic forms—play in our cognition has been extensively dis-
cussed in several different areas, including philosophy, cognitive science,
logic, artificial intelligence, and design theory. After outlining how vari-
ous disciplines pursue this topic from slightly different points of view
and how the relation between diagrams and representation (or reason-
ing) has been emerging as an interdisciplinary topic out of these different
approaches, 1 explain how the project of this book fits in this overall
picture.

Among many different approaches to the relation between diagrams
(or pictures) and our cognition, I would like to draw attention to an
interesting and useful distinction between those approaches that focus
on diagrams as internal representations and those that treat them as
external representations. In the Introduction to one of the most com-
prehensive anthologies on this subject, Chandrasekaran, Glasgow, and
Narayanan (1995) make the following distinction between internal
versus external diagrammatic representations:

« External diagrammatic representations These are constructed by the
agent in a medium in the external world (paper, etc), but are meant as
representations by the agent.

« Internal diagrams or images These comprise the (controversial) inter-
nal representations that are posited to have some pictorial properties.3

From now on, unless I specify otherwise, I will use the words ‘dia-
grams’ or ‘pictures’ to refer to external representations, and ‘images’ to
refer to internal representations. Of course, many do not doubt that
these two different levels of representation are closely related to each
other.* Moreover, this distinction is not needed at all for certain
projects, and hence some researchers conflate internal and external
representations.® However, this distinction will nicely serve as a useful
framework which I would like to use to show how different areas falling
under the category of research on diagrammatic reasoning are related to
one another.
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The imagery debate between pictorialists and descriptionalists, one of
the most time-honored controversies in psychology, focuses on our in-
ternal mental representation: It is about whether picture-like images
exist as mental representations.® Kosslyn and other pictorialists” present
a series of experimental data to support their position that some of our
mental images are more like pictures than a linear form of language (for
example, natural languages or artificial symbolic languages) in some
important aspects, even though not all visual mental images and pic-
tures are exactly of the same kind. By contrast, Pylyshyn and other
descriptionalists® raise questions about the status of picture-like mental
images and argue that mental images are formed out of structured
descriptions. To them, mental images represent in the manner of lan-
guage rather than pictures, and hence no picture-like images play an
important role in our cognition.”

At this point we are not far from philosophical territory—the phil-
osophy of mind. Philosophers’ deep interest in mental representation
easily goes back to ancient times.1® Nobody would be surprised to real-
ize that mental images were heatedly discussed during the heyday of
ideas.1* As we know, Hobbes’, Locke’s, Berkeley’s, and Hume’s writings
concern themselves in large part with mental discourse, the meaning of
words, mental images, particular ideas, abstract ideas, impressions, etc.
Descartes” well-known distinction between imagining and conceiving
something has generated much discussion about the unique role of
visual images in mental representations. In the twentieth century, pic-
torialists in the imagery debate found the modern sense-datum theory
in philosophy quite close to their point of view. By the same token, the
critics of the sense-datum theory argued that the mistaken pictorial view
of mental images arises mainly from our confusion about ordinary lan-
guage. Not surprisingly, they are sympathetic to the view that mental
images are epiphenomena.!? Contemporary philosophers, mainly in the
philosophy of mind, 3 have participated in a recent imagery debate among
cognitive scientists.!#

Being slightly distant from the imagery debate itself, some cognitive
scientists have concentrated on the functions of mental images or dia-
grams in our various cognitive activities, for example, memory,'® imag-
ination, perception, navigation,'® inference, problem-solving,'” etc.,
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instead of exploring the ontological status of internal visual images.!8
Here the distinct nature of ‘“visual information,” which is obtained
either through internal mental images or through externally drawn dia-
grams, has become a major topic of research. In particular, research
on heterogeneous reasoning focuses on how visual information plays a
unique role in our reasoning process. In the following, let me outline
three important aspects of this research, all of which are crucial to un-
derstand the background of my project.

First, when the distinct role of visual information in inference or rea-
soning becomes a main question, we find an interesting shift of focus
among researchers from internal to external representations, while we
do not find a similar tendency in other subareas of research on images
and cognition. For example, the study on the relation between memory
and visual information focuses on internal as well as external visual
information. However, in studies of inference, ‘images’ or ‘diagrams’
mainly refers to external representations, i.e., drawn pictures, graphs
or diagrams, rather than picture-like mental representations.!® In Larkin
and Simon’s classic paper “Why a diagram is (sometimes) worth ten
thousand words” (1987), this change was made very clear: “Although
our discussion [about the unique nature of diagrams in problem solving]
may be relevant to this current controversy about the distinguishability
of different internal representations, our analysis explicitly concerns ex-
ternal representations.”?? One benefit from this shift is that although
consensus is lacking on whether there are different kinds of internal
mental representations (as the long history of the imagery debate
shows), everyone agrees that there are different forms of external repre-
sentations.?!

Second, research on heterogenous reasoning has attracted much more
attention from various different disciplines than has research on the
relation between imagery and other cognitive activities—for example,
memory or perception—mainly for two reasons. One is that human
reasoning is a common topic among cognitive science, logic, mathe-
matics, and artificial intelligence. The other reason for interdisciplinary
interest in imagery and reasoning is that externally drawn diagrams
or graphs, on which researchers have focused can, be a subject of all of
these disciplines, unlike mental images.
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Third, research on multi-modal representation has led researchers
to explore the differences among different forms of (external) repre-
sentations, but mainly between diagrammatic and symbolic represen-
tations.?? A strong dominance of symbolic languages in the study of
representation systems (since the dawn of modern logic) compels anyone
who is working on the relation between diagrams and inference
to compare two different kinds of languages, that is, graphical and
symbolic systems. In spite of a common interest in heterogeneous repre-
sentation, various disciplines have pursued the same topics—here the
relation between diagrams and reasoning, and the comparison between
symbolic and graphical systems—from different points of view. After
briefly summarizing the slightly different agendas of various disciplines, I
will show how the work presented in this book serves to bridge the gap
among them.

It has been a while since cognitive scientists started paying attention to
how different forms of representation vary in their cognitive effects on
human inference. Many important results have been produced along
these lines. Based on Simon’s distinction between informational and
computational equivalence among representations,?3 Larkin and Simon
(1987) present a case study in which two informationally equivalent
systems, one sentential and the other diagrammatic, are shown to be
computationally non-equivalent. Lindsay (1988) makes a related point
by specifying where this computational difference lies. Claiming that an
important role of diagrammatic representation®# in inference is not its
expressive power, but its efficiency, he showed that this efficiency is
obtained through the special properties that diagrams possess. Con-
straints built into the diagram-construction processes rule out many
trivial cases, and, after the construction is completed, conclusions are
directly read off from a diagram.?® Shimojima (1996) uses term ‘free
ride’ to refer to an inference in which the conclusion seems to be read
off almost automatically from the representation of premises. Gurr, Lee,
and Stenning (1998) argue that the semantics of a diagrammatic system
is more “direct” than the semantics of a symbolic system and that this
crucial difference explains their characteristic low cost of reading off a
conclusion. They also correctly point out that directness is relative, and
hence, some rides are cheaper than others. Having a distinct role of
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graphs in mind, Wang and Lee (1993) present a formal framework as a
guideline for correct visual languages. This impressive work provides
design theorists and Al researchers with computational support for
visual reasoning.

Not surprisingly, Al researchers, one of whose main concerns is the
heuristic power of a representation system in addition to its expressive
power, have been debating for decades about different forms of repre-
sentation.?® Hence, they have welcomed discussions of the distinct role of
visual reasoning and have recently hosted interdisciplinary symposiums
on diagrammatic reasoning at Al conferences.?” At the same time, real-
izing that human beings adopt different representation forms depending
on the kinds of problems they face, some Al researchers and design the-
orists have practiced domain-specific approaches to bringing in problem-
tailored representation forms.?% Harel’s invention of higraphs (1988) is
an excellent example of obtaining practical results without being bogged
down in a more abstract and theoretical controversy. However, it is
likely that both top-down and bottom-up approaches to the distinct role
of diagrams in reasoning are necessary for the project to accomplish its
goal.

Heterogeneous reasoning has also been taken up by logicians. It is
important to note that logicians bring slightly different concerns to this
project from those of cognitive scientists or of Al researchers. First,
logicians’ main interest is exclusively in externally drawn representation
systems, as opposed to internal mental representations. Second, differ-
ences in cognitive effects or in heuristic power among different forms of
representation are not at the top of logicians’ agenda. The first and nec-
essary test for any representation system is to prove that the system is
correct. The next important question is the expressive power of the sys-
tem. If a language fails to justify its logical status or if its expressive
power is too limited, logicians’ interest in that language will fade. Ac-
cordingly, facing a strong prejudice against diagrams, which is more
deeply rooted in the modern history of logic than in any other area,
some logicians put their priority in examining whether there is any in-
trinsic reason why symbolic systems, but not diagrams, could provide us
with a rigorous proof. I took up this question with Venn diagrams and
showed that this system is not only sound and complete, but a slightly
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modified version of the Venn system is logically equivalent to a monadic
language.?? Hammer and Shin (1998) modified Euler diagrams to show
that their modified version can be used in rigorous proof as well. Earlier
works on Peirce’s Existential Graphs3© (in which graphical reasoning
itself was not the main topic) can be re-evaluated to find significant
contributions to the understanding of heterogeneous reasoning from
logicians’ point of view. Based on existing case studies, Barwise and
Etchemendy, the first two logicians who launched the inquiry into dia-
grammatic proofs in logic, conclude that “there is no principled distinc-
tion between inference formalisms that use text and those that use
diagrams. One can have rigorous, logically sound (and complete) formal
systems based on diagrams.”3' This conviction was necessary for the
birth of their innovative computer program Hyperproof, which adopts
both first-order languages and diagrams (in a multi-modal system) to
teach elementary logic courses.32

Each of these various research agendas is important to understanding
heterogenous reasoning and needs to be taken seriously. With many
concrete results in diagrammatic reasoning in hand, now is a good time
to bridge the gap among the different strands of the research, which is
one of the main goals of this work. First of all, EG is a sound and com-
plete diagrammatic system, which makes logicians’ main worry about its
logical status disappear. And EG is logically equivalent to a first-order
language, which meets the criticism among logicians and mathe-
maticians that a diagrammatic system cannot express as much as a
symbolic system does. Also, unlike with domain-specific diagrams or
pictures,33 this system is comprehensive and general enough to have the
wider application required by Al researchers and design theorists.3*
Moreover, this book will show how to make the existing system more
efficacious and more natural by a new way of understanding graphs on
their own terms, which is directly related to Al researchers’ and design
theorists’ agendas. At the same time, abundant comparisons between EG
and a logically equivalent symbolic language3® provide useful material
to satisfy cognitive scientists’ main interests—cognitive differences be-
tween symbolic and diagrammatic systems.3¢

The study of Peirce’s EG could not only bridge a gap among multiple
agendas in contemporary research on multi-modal representation, but
also provide us with a chance to explore a rather forgotten historical
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fact that a diagrammatic representation system was invented at almost
the same time as a modern symbolic system was. Moreover, the first
comprehensive non-symbolic system, EG, was devised by Peirce, who is
one of the founders of modern symbolic logic. This interesting historical
fact encourages us to inquire into the philosophical motivation behind
Peirce’s invention of a graphical system.

Chapter 2 will reconstruct Peirce’s view of different logical notations
and different representations systems, which I claim to be the first com-
prehensive theory of heterogeneous reasoning. The evaluation of Peirce’s
work as a theory of heterogenous reasoning is bound to be new for at
least two reasons. First of all, while many important works are available
about Peirce’s theory of signs and logical notation,3” the topic of hetero-
geneous reasoning has not been explored in the context of logical
theory, of formalization, or of the philosophical motivation behind EG.
More importantly, the area in which I claim Peirce’s contribution should
be recognized, i.e., heterogeneous reasoning, is a new interdisciplinary
research area, as explained above. I will show in chapter 3 that Peirce’s
view—the advocacy of a system with more than one kind of sign—is
implemented in his own graphical system. That is, chapter 3 presents the
thesis that EG is a heterogeneous representation system, by examining
both symbolic and iconic elements of the system.

Chapters 4 and 5 turn to more specific aspects of EG. Granting the
legitimacy of logicians’ criticisms against EG, in these two chapters I
present new methods of understanding the Alpha and Beta systems, re-
spectively. We can meet existing complaints against EG by discovering
more visual features present in graphs and by identifying the unique na-
ture of graphs. The fundamental differences between symbolic and dia-
grammatic systems are discussed in detail in these two chapters.

Chapter 6 raises a question as to the relation between Peirce’s theory
and his own practice: How did Peirce himself, who laid out the philo-
sophical groundwork for heterogeneous systems as shown in chapters 2
and 3, fail to obtain better ways of understanding his own graphical
system?38 For this curious historical question, I explore assumptions
behind Peirce’s distinction between logical systems and calculi and his
intention to make EG a logical system, not a calculus. Chapter 7 con-
cludes with a short summary of the book and suggestions for future re-
search on heterogeneous reasoning.






2
The Birth of Graphical Systems

The history of modern logic has been one of intense investigation of sym-
bolic systems. Interestingly, however, Charles Sanders Peirce, a founder
of modern logic, developed two equivalent logical systems, one symbolic
but the other graphical. The question I raise and aim to answer in this
chapter is “Why did one of the founders of modern symbolic logic invent
an elaborate diagrammatic representation system?”” As is well known, the
notations Frege adopted for his formalized language are more iconic
than Peirce’s corresponding symbolic language.! However, it was Peirce
who presented a graphical system equivalent to a quantified language.
I will argue that Peirce’s invention of a different kind of representation
system is not just an accidental product of a logician’s mind, but a clear
reflection of his philosophy of logic, which differed from that of con-
temporary logicians. In this chapter, I explore the philosophical roots of
the birth of Peirce’s EG in his theory of representation and logical nota-
tion, which is the heart of Peirce’s philosophy of logic.

The first section introduces two insightful explanations related to our
inquiry and concludes that more detailed explanations are needed to
track down the philosophical motivation behind EG. The second section
examines Peirce’s well-known phrase ‘diagrammatic reasoning’. This
leads us to the investigation of Peirce’s theory of signs in the third sec-
tion. After extending my analysis to some of the controversial contem-
porary topics in research on multi-modal reasoning, I claim in the last
section that Peirce is the first person who presented a comprehensive
theoretical groundwork for a heterogeneous formal system.
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2.1 Preliminaries

Hintikka’s and Dipert’s evaluations of Peirce’s contribution to the his-
tory of modern logic allowed us not only to appreciate Peirce’s unique
position in the history of logic but also to gain a more coherent under-
standing of Peirce’s own philosophy of logic. The latter achievement, as
I will show below, advances us toward the goal of the current chapter,
that is, to explore Peirce’s philosophical motivation behind his graphical
system. As I point out at the end of each subsection, while both Hintikka’s
and Dipert’s interpretations are consistent with Peirce’s invention of
a graphical representation system, neither of them provides us with a
philosophically sufficient account of Peirce’s invention of EG.

2.1.1 Graphs and the model-theoretic tradition
As the title suggests, van Heijenoort’s article “Logic as calculus and
logic as language” (1967) draws a distinction between Boole’s calculus
ratiocinator and Frege’s lingua characterica*> and makes an interesting
connection between the universality of Frege’s lingua characterica and
Frege’s lack of metatheorectical concepts.3 According to van Heijenoort,
while Boole’s universe for a logical calculus does not have any onto-
logical significance, and hence easily allows changes, ““[f|or Frege it cannot
be a question of changing universes,”* since Frege’s logic presupposes
that we have only one universe, i.e., the universe.® The domain of the
language includes everything, and there is no way for us to step back
from this language to express ourselves outside of it. ‘[ N]othing can be,
or has to be, said outside of the system.”® Therefore, van Heijenoort
argues that there is no room for metalogic in Frege’s concept of logic.
When Goldfarb examines the nature of quantifiers in modern logic, he
makes the following observation about logicists’ interpretation of quan-
tifiers, which is consistent with van Heijenoort’s emphasis on Frege’s
‘the universe’:
The range of the quantifiers—as we would say—are fixed in advance once and
for all. The universe of discourse is always the universe, appropriately striated.
... For Frege and Russell ... [e]very logical formula has a fixed meaning; there is
no question of reinterpreting any sign.... Similarly, for Frege and Russell (or

Russell at least until he became influenced by the doctrines of Wittgenstein),
logic is about something, namely, everything.”
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The inflexibility of the interpretation of quantifiers prevents us from
taking logic as subject-neutral or from applying logic to any particular
domain in which we are interested. This, as Goldfarb says, is very dis-
tant from our view of logic. Thus, he arrives at a very similar evaluation
of Frege’s and Russell’s project as does van Heijenoort—that a meta-
logical framework is not possible in Frege’s and Russell’s logicism:3
To arrive at metamathematics from Russell’s approach we must add the “meta,”
that is, the possibility of examining logical systems from an external standpoint.’

At the same time, Goldfarb draws our attention to the other tradition

in modern logic, which allows for the concept of ‘meta’:
During roughly the same period [as Frege and Russell were working] a com-
pletely different approach to logic was being explored by Schréder and his fol-
lowers. This tradition of the algebra of logic dates back to Boole’s work on the
calculus of classes, a calculus also interpretable as a calculus of propositions.
Building on earlier work of Peirce, ... Schroder develops the calculus of relatives
(that is, relations).!0

The different approach Goldfarb describes here coincides with the tra-
dition of a calculus ratiocinator that van Heijenoort discussed.!! The view
of logic as a calculus permits the language to be reinterpreted so that we
can apply it to particular domains or we can talk about the language from
outside of it, in a metalanguage. This is why the concept of ‘meta’ can play
a crucial role in the tradition of a calculus ratiocinator.

Based on a contrast between these two traditions, Hintikka draws a
sharper distinction among modern logicians. Accepting van Heijenoort’s
terminology, Hintikka calls Frege’s lingua characterica view the tradi-
tion of the universality of logic, but with an important modification. The
universality of logic implies not only one universe, but only one lan-
guage. Therefore, we are imprisoned both in this one world and in this
one language. By contrast, Boole’s calculus ratiocinator view allows
multiple domains and multiple interpretations, which is why Hintikka
calls this position the model-theoretic tradition.'? Frege, Russell, White-
head, Wittgenstein, and Quine are the main figures in the former, uni-
tary language, tradition, and Boole, Schréder, Léwenheim, Goédel, the
later Carnap, and Tarski the principals in the latter model-theoretic one.

When Hintikka makes important contrasts between Frege versus
Peirce and places Peirce in the model-theoretic tradition, Peirce’s own
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passages about EG are quoted as evidence for Hintikka’s claim—Peirce’s
acceptance of Boole’s calculus ratiocinator:

Peirce himself identifies with perfect clarity the “very serious purpose” of his
language of graphs, by saying that “this system is not intended to serve as a
universal language for mathematicians or other reasoners like that of Peano”
(4.424).... [T]his statement shows that Peirce was dealing with interpreted
logic.13

Without discussing Peirce’s EG in any detail, Hintikka draws our at-
tention to Peirce’s adoption of graphs or icons in a language of logic to
support his main thesis that Peirce belongs to the model-theoretic tradi-
tion: “Hence Peirce’s willingness to theorize about icons and to use them
in his actual work in logic is but another facet of his model-theoretical
approach to language and logic.”1* The tradition to which Frege belongs
does not allow us even to consider any other kind of language except the
language we now have.

Hence, the following conclusion easily follows from Hintikka’s posi-
tion: If Peirce had held the view of the universality of logic, he could
not have invented a graphical system. Taking a logical language as a
re-interpretable calculus was a necessary condition for Peirce to come
up with a graphical system. This also explains why Frege, one of the
two founders of modern logic, did not develop a graphical system, in
spite of his iconic-looking notation for quantifiers. Frege’s view on uni-
versality left no room to consider any other logical system than the
symbolic one that he had, and in particular no room for a non-symbolic
language.

Thus, Hintikka’s evaluation of Peirce’s location in the history of logic
is consistent with the birth of EG from Peirce’s philosophy of logic.
However, it does not provide us with sufficient explanation of the birth
of EG, since the model-theoretic view of logic does not necessitate a
logical system other than symbolic ones. For example, Peirce could have
invented more than one symbolic system to show that there is no one
single universal language for logicians. Therefore, the differences Hin-
tikka highlights between the two different logical theories do not com-
plete the puzzle we are interested in solving in this chapter—“Why a
graphical system (rather than more than one symbolic system)?” and
“Why this graphical system?”
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2.1.2 Graphs as a formal system

When Dipert examines Peirce’s place in the history of logic, he makes
an interesting observation that the meaning of ‘formal’ has shifted in a
wrong direction from the nineteenth to the twentieth century. While the
formal logic of the nineteenth century is not limited only to symbolic
logic, the more recent development of logic concentrates on symbolic
aspects of logic only:

We should also give some hard thought to the difficult question of how much
conceptual progress is made by symbolization and symbolic rigor alone.
Although Frege and Peirce are largely beyond suspicion, it is rather clear that
the recent history of logic has appeared to value any, and sometimes quite
shallow and unenlightening, symbolisms and axiomatizations and tended to dis-
miss any non-symbolic, historical account (for example, those of Aristotle or
Ockham) as so much empty verbiage.1’

While he correctly criticizes the predominance of symbolization in the
development of twentieth-century formal logic, Dipert does not give any
substantial account of what non-symbolization is in formal logic. From
the following passage, it is rather clear that for Dipert two concepts—
the formal and the symbolic—are distinct from each other: “At root is a
twentieth-century misconception of what it is for a logic to be ‘formal’.
Namely, it need not be symbolic; nor is symbolization a guarantee of a
helpful formal analysis.”1¢

Then, what is non-symbolic formalism? In the previous quotation, his
phrase ‘any non-symbolic, historical account’ seems to suggest that a
historical account is one of the items that modern logic sacrifices for the
sake of symbolization. It is true that a historical account, such as Aris-
totle’s or Ockham’s, is not symbolic, but it is not formal either. So this
cannot be an example for non-symbolic formalism, but is rather non-
symbolic non-formalism. Even when Dipert gives credit to nineteenth-
century logicians for their correct use of ‘formal’ logic in the following
quotation, it is not clear what it means to be ‘formal’:

The nineteenth-century logicians, beginning with De Morgan’s Formal Logic,
kept in mind better than we what it is to be usefully ‘formal’ (that is, in attend-
ing to logical form) rather than merely symbolic at all costs.!”

The phrase ‘usefully formal’ is ambiguous, since it could mean either
formal but not exclusively symbolic or not completely formal but with a
certain appropriate degree of formalism.!8
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Dipert correctly emphasizes that in the recent history of logic,
symbolization has been almost the only trademark for formal logic.
More importantly, Dipert aimed to convince the reader that nineteenth-
century logic was not tied to symbolization as much as twentieth-century
logic is. However, when Dipert relates these important historical data to
Peirce’s contribution to modern logic, all he says is that Peirce, like
Frege, made a substantial contribution to modern logic through rigorous
and useful symbolization, unlike some modern logicians who adopt sym-
bolism for the sake of symbolism. Here Peirce’s merit seems to lie in
using symbolism not in a shallow but in an enlightening manner, so that
it becomes usefully formal.

While Peirce’s appropriate use of symbolism cannot fully explain the
invention of a non-symbolic system, Dipert’s vague idea that symbolism
is different from formalism, I argue, is directly related to a better under-
standing of the root of EG in Peirce’s philosophy of logic. To formalize
our reasoning is consistent with, but is not limited to, symbolization.
Hence, non-symbolic formalization should be possible. Peirce’s inven-
tion of EG, a non-symbolic formal system, is the best piece of evidence
to show that Peirce did not identify formalization and symbolization.
Without a distinction between formalization and symbolization, Peirce
could not have come up with two different kinds of logical systems, one
symbolic and the other graphical. Dipert praised Peirce for being “the
first great pioneer of the substantive (symbolic) theory of the logic of
relations.”!? He should also have praised Peirce for not confusing the
formal and the symbolic, unlike many modern logicians, and as evidence
we can point to EG.

The recognition of the difference between symbolization and formal-
ization was a necessary condition for the birth of EG, but not, however,
a sufficient one. We need to know more about how Peirce differentiates
symbolization and formalization and Peirce’s view of what it is for a
language of logic to be formal.2% Therefore, understanding Peirce’s con-
cept of a formal language (whether symbolic or not) is crucial to reveal-
ing the philosophical foundation for the birth of EG. Peirce, rather than
any other previous logician, can give us a better understanding of what
it is for a logical notation to be formal, since he himself presented
two different kinds of formal systems, one symbolic and the other non-
symbolic.
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2.2 Diagrammatic reasoning

Peirce’s writings about deductive reasoning place great emphasis on dia-
grammatic reasoning. This, I believe, is one of the main reasons why
Peirce’s EG has been taken for granted without his philosophical moti-
vation behind the system being explored. Since Peirce takes diagram-
matic reasoning seriously, it is no wonder that he himself invented a
diagrammatic representation system, EG, or so many have concluded.
However, this naive attitude cannot be sustained when we look into the
matter more carefully. Peirce called his system not ‘diagrammatic’ but
‘graphical’, and many passages from Peirce indicate that he did not use
the two concepts—*‘graphical’ and ‘diagrammatic’—in a synonymous
way.

One of Peirce’s often-quoted passages has attracted much attention
but has puzzled many philosophers: “All necessary reasoning is dia-
grammatic; and the assurance furnished by all other reasoning must be
based upon necessary reasoning. In this sense, all reasoning depends
directly or indirectly upon diagrams.”2! The puzzle is not solved, even
when Peirce gives us a clear explanation of what he means by ‘diagram-
matic reasoning’:

By diagrammatic reasoning, I mean reasoning which constructs a diagram
according to a precept expressed in general terms, performs experiments upon
this diagram, notes their results, assures itself that similar experiments performed
upon any diagram constructed according to the same precept would have the
same results, and expresses this in general terms.?2

This is an important passage, and we will come back to it for further
analysis. For now, I would like to find out why this explanation of dia-
grammatic reasoning has not fully satisfied those who try to understand
the sentence “All necessary reasoning is diagrammatic.”

It is not difficult to find a similarity between the model of the reason-
ing process described in the above quotation and the inference steps
adopted in Euclidean geometry proofs.23 At the same time, nobody
wants to conclude that Peirce was mainly concerned with the necessary
reasoning only as displayed in Euclidean geometry. This conclusion is
unacceptable not only because areas of mathematics or logic other than
Euclidean geometry should be covered under the topic of necessary rea-
soning but also because Euclidean-geometry proofs with figures lost their
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status as rigorous for several reasons. Hilbert’s axiomatization showed
us that Euclidean figures are dispensable in proofs. More importantly,
as is well-known, a user is easily misled by certain accidental features
of a figure. Peirce himself presented Euclid’s fallacy as an illustration of
incorrect reasoning, and made the following diagnosis of the fallacy:
“| The (false) axiom that the whole is greater than its part] tempts him
to draw a figure and judge by the looks of it what is part and what
whole.”?* Since Peirce was fully aware of the problem of relying on
figures, most probably Peirce’s explanation above of diagrammatic rea-
soning must not have directly referred to Euclidean-geometry proofs
with figures.

This discussion reveals that our puzzlement about Peirce’s ‘diagram-
matic reasoning’ originates from the unclarified meaning of Peirce’s term
‘diagram’. One consensus reached among Peircean scholars is that Peirce’s
meaning of ‘diagrams’ is much broader than our naive use of ‘diagram’.2°
But substantially informative answers to the question “What does Peirce
mean by ‘diagram’?” have not been forthcoming in the history and phi-
losophy of logic in spite of their importance.

Peirce talks about diagrams quite often in the context of necessary
reasoning,?® but without any attempt to define what a diagram is. The
following sentence has been presented by Peircean scholars as evidence
for a broader meaning for Peirce’s term ‘diagrams’, mainly because an
auditory diagram is included:2”

Such a diagram has got to be either auditory or visual, the parts being separated
in the one case in time, in the other in space.?8

It is true that a diagram in our naive sense cannot be auditory. However,
a more interesting point we should not overlook in this sentence is that
Peirce’s visual diagrams too cannot be the same as diagrams in our sense.
According to Peirce, as long as the basic vocabulary of a representation
is separated in space, it is a visual diagram. Thus, a symbolic language
whose vocabulary is spatially separated is also a visual diagram in Peirce’s
sense. Again, the sentence quoted above does not say much about what
a diagram is, except that a diagram can be heard or seen.

However, we can infer Peirce’s ideas about what could or should be a
diagram from the following sentences scattered throughout the same
paragraphs as the previously quoted sentence:
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... the parts of each series [of a diagram] being evidently related as those prov-
inces?? are said to be, .. .. [I]t will be necessary to use signs or symbols repeated
in different places and in different juxtapositions, these signs being subject to
certain ‘“‘rules,” that is, certain general relations associated with them by the
mind.3°

What is suggested here can be rearranged into three important aspects
of diagrams. First, signs or symbols are used in a diagram. Second, signs
or symbols are related to the reality that the diagram is about. That is,
signs or symbols in a diagram represent something which we aim to rea-
son about. Third, we have rules for relations among the signs or symbols,
which give us permission how to manipulate some relations among signs
or symbols to obtain some other relations among them.

Peirce himself did not use the phrases ‘representation’, ‘system’, or
‘inference rules’, but what is stated here is very similar to our concept of
a deductive representation system. The three points in the above quota-
tion address the syntactic and semantic conditions of a representation
system.3! Signs or symbols are the basic vocabulary of a system, that is,
a syntactic aspect. A syntactic unit may represent facts other than itself,
according to a semantic condition. The third point, about inference
rules, is quite interesting, since the rules tell us how to manipulate syn-
tactic objects, but on the other hand the ultimate justification for trans-
formations can be found at a semantic level.

It is obvious that Peirce’s ‘diagram’ is not restricted to a figure (such
as those in Euclidean proofs) but is rather closer to a unit of a system
equipped with representational import and its own transformation rules.
Hence, Peirce’s ‘diagrammatic reasoning’ refers to the reasoning carried
out through a representation system. One of his well-known papers,
“Prolegomena to an apology for pragmaticism,” starts with a paragraph
which is consistent with and quite close to my reconstruction of ‘dia-
gram’ in the Peircean sense: ““[L]et us construct a diagram to illustrate
the general course of thought; I mean a System of diagrammatization by
means of which any course of thought can be represented with exacti-
tude.”32 Therefore, according to Peirce, a diagrammatic system does not
have to consist of circles, lines, or dots, as we often assume, but means a
representation system in our sense. If so, we should not be surprised to
encounter Peirce’s statement “[Allgebra is but a sort of diagram”33 or
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the phrase “the diagrams of algebra.”3* Algebra, which has been con-
sidered a typical symbolic system, is also a visual diagram, according to
Peirce, since algebraic symbols could represent certain facts and are
manipulated according to their own rules.

Interestingly enough, when Peirce presents his theory of signs, his dis-
cussion becomes even closer to our concept of representation system.
After stating “A sign, or a representamen, is something which stands to
somebody for something in some respect of capacity,”3° Peirce identifies
three important aspects of a sign: (i) a sign itself, (ii) the object the sign
represents, and (iii) a basis for the representation.3¢ For each aspect, one
branch of semiotics arises, as Peirce says:

The first [the first branch of semiotics| ... [w]e may term ... pure grammar. It
has for its task to ascertain what must be true of the representamen used by every
scientific intelligence in order that they may embody any meaning.

The second is logic proper. ... [L]ogic proper is the formal science of the con-
ditions of the truth of representations.

The third, ... I call pure rhetoric. Its task is to ascertain the laws by which in
every scientific intelligence one sign gives birth to another, and especially one
thought brings forth another.3”

These three branches are the basic components of a logical system in our
sense. Pure grammar is the syntax of a language, logic proper is its se-
mantics, and pure rhetoric consists of the inference rules of a system.

2.3 The theory of signs

Diagrams consist of signs, Peirce says. Therefore, if diagrams are repre-
sentation systems, as I have outlined above, signs used in diagrams must
represent something else. How does a sign of a (diagrammatic) system
represent anything else? How is any representation possible?38 This is
what Peirce asks in the question “[ H]ow is any diagram ever to perform
that identification [that some points in a map represent some points in
nature]?”’3?

A quick answer to this question is that how a sign represents some-
thing depends on what kind of a sign it is. Now, we know that the story
of representation Peirce will give us is bound to be quite complicated,
since he examines what a sign is at a much deeper level than any one
had done before.*? “We may distinguish between different kinds of signs
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according to the relation between their material [representing facts] and
their imputed qualities [represented facts].”#! After examining the three
different kinds of signs in the first subsection, I relate Peirce’s insights to
some of the important contemporary topics in the research on hetero-
geneous representation systems in the second subsection.

2.3.1 Symbols, indices, and icons

Peirce classifies signs into three groups: icon, index, and symbol.4*> This
classification is based on different relations between a sign and what it
represents.*3 Roughly speaking, an icon represents something based on
the resemblance between a sign and its object, an index by being directly
related to its object, and a symbol by convention.** As Peirce admits,
sometimes one sign might belong to more than one category, or the dis-
tinction among them is not clear in some cases.*> I will emphasize the
fundamental differences among signs rather than the ambiguous areas.

Sign A is a symbol for B if A is associated with B by convention. Most
English words function as symbols. They represent some objects or some
states of affairs by convention. For example, we understand the meaning
of the word ‘book’ not because the string of these four characters looks
like a book but because we have come to learn the meaning of the word
‘book’. However, knowing the meaning of this word does not help us to
pick out a particular book. That is, a word acting as a symbol is asso-
ciated with a general meaning of the word, not a particular object or a
particular state of affairs. We can also find conventional signs which are
not words but which are used as symbols. A dove is a symbol for peace,
a white flag for surrendering, etc.

A sign that is an index is associated with what it represents as if
it were pointing out the object. No descriptive meaning needs to be
attached. In English, indexicals or pronouns are typical examples of
index, according to Peirce.*¢ A proper name could be treated as an
index.#” The main function of an index is to refer to a specific object or
state of affairs, not to describe it.#8 Sometimes this indexical function is
accomplished not by pointing something out but by a law of nature we
are familiar with. For example, smoke indicates that there is fire. That is,
smoke is an index of fire. There is no conventional descriptive meaning
(attached to smoke) to lead us to this representation relation, but the
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laws of nature almost force us to reach the relation between smoke and
fire. Therefore, we do not say that smoke is a symbol of fire. Peirce uses
an example of a low barometer with moist air as an index of rain: “We
suppose that the forces of nature establish a probable connection be-
tween the low barometer with moist air and coming rain.”*® Again, a
low barometer cannot be said to be a symbol for rain. There is not much
room for our artificial convention in this kind of a representational
relation.

A sign that is an icon represents a certain object or a certain state of
affairs by its likeness to its object or state of affairs.’® Nobody would
confuse a painting of someone, say Tom, with Tom as a person. How-
ever, for those who know what Tom looks like, no convention is needed
to see this painting as a painting of Tom. Also, no special context needs
to be given to pick out the person, Tom, of whom this is a painting, nor
is a force of nature necessary in order to understand the connection be-
tween the painting and Tom.’! Hence, a painting of Tom is neither
a symbol of nor an index for Tom. The resemblance of the painting
to Tom is sufficient to know of whom this is a painting. Some Chinese
characters must have started as icons. “In all primitive writings, such
as the Egyptian hieroglyphics, there are icons of a non-logical kind,
the ideographs.”>2 A sign for elevators or escalators in a building is an
example of an icon. Figures (e.g., lines, triangles, and circles) used in
geometry proofs are also good examples of icons.

The way some signs are drawn immediately prompts us to recognize
what they represent: “[ The colors of a landscape and the colors of na-
ture] do not make a match but they are sufficiently like them to suggest
immediately to the mind the appearance intended to be represented.”3
Neither a general convention nor a specific indication is involved in this
recognition process. The key concept is resemblance. As I noted, in the
case of a symbol, there is no resemblance between a sign and what it
denotes. The word ‘rain’ is not similar in any sense to rain. The dove, a
bird, is not similar to peace, which is abstract.’* Indices do not resemble
what they denote, either. The word ‘T refers to a speaker, but nothing is
similar between the word and the person. There is no resemblance be-
tween a low barometer and coming rain. Clearly, resemblance or likeness
seems to be a unique way for an icon to represent its object.
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In his classic work on a theory of symbols, Languages of Art (1976),
Nelson Goodman argues that resemblance cannot be a necessary or a
sufficient condition of representation.’®> Resemblance is reflexive, but
nobody is said to represent himself or herself. Resemblance is symmetric,
but we do not say Tom represents his picture, while Tom’s picture is
said to represent Tom. Goodman also points out that a twin brother
resembles his twin but does not represent him. I agree that (iconic) rep-
resentation cannot be defined solely in terms of resemblance. Moreover,
in saying that an icon resembles what it represents, we do not mean to
give a definition of iconic representation. As Dipert says, “{Goodman’s
claim that resemblance is neither a necessary nor a sufficient condition
for representation]| would be a useful contribution to the discussion if
anyone had ever seriously proposed that the signification relationship is
exactly and only the resemblance relationship. So far as I am aware, no
one ever has.”>¢ On the contrary, when we try to find out how the rep-
resenting and represented facts are related to each other, it is assumed
that we know which is a representing fact and which a represented fact.
In the case of an icon, unlike with a symbol or an index, certain aspects
of the icon—which constitute a representing fact—resemble the repre-
sented fact. The resemblance between representing and represented facts
makes sense only when there is no confusion between representing and
represented facts.5”

Now, a question that arises is “In what sense or in what aspect does a
sign as an icon resemble its denotation?” In the case of photographs,
“we know that they are in certain respects exactly like the objects they
represent.””>® Physical looks are similar in this case. However, Peirce
correctly warns us that resemblance in physical appearance is not the
only kind of resemblance between an icon and its denotation: “Many
diagrams resemble their objects not at all in looks; it is only in respect to
the relations of their parts that their likeness consists.””>® Peirce’s example
of algebraic equations illustrates this point very well:

In fact, every algebraical equation is an icon, in so far as it exhibits, by means of
the algebraic signs (which are not themselves icons), the relation of the quantities
concerned.®°

If we limited resemblance to physical aspects only, the expressive
power of icons would be too restricted to be useful as a representation
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system. In many cases, like the representation of equality, there is no
physical look an icon can depict, since the denotation of the icon is ab-
stract. Euler diagrams provide us with a good example to illustrate how
sets and relations among sets (all of which are abstract) are iconically
represented.

Euler adopts a circle to represent a set. Is Euler’s circle a symbol or an
icon?®! This is a classic question that shows that the distinction between
a symbol and an icon is sometimes not clear-cut. Importantly, being
graphical does not automatically make a sign an icon. Peirce’s explana-
tion of icons does not require that being graphical is either a necessary
or a sufficient condition for iconicity.6? Suppose that we represent the set
of animals by two different signs, one the letter A and the other a circle.
Both are conventional in the sense that we do not have any idea about
the denotation of each sign unless we learn the stipulation for each sign.
However, when we try to add more information to these two signs, in-
teresting differences between them emerge.

For example, we would like to represent the fact that Fido is an ani-
mal. Suppose that the symbol f denotes Fido. When we use the letter A
for the set of animals, most probably we need another arbitrary symbol
to represent the relation between Fido and the set of animals. For
example, the symbol ‘€’ denotes membership. Hence, f € A” means that
Fido is an animal. On the other hand, in the case of a circle, the most
natural way of representing this fact is to write f inside the circle, rather
than adopting another symbol or an icon:

O,

The visually observable relation—f being inside the circle—resembles
the membership relation between an object and a set: If object f is a
member of set A, then we say [ is in set A.%3 Because this homomorphic
relation is a quite intuitive one, we do not need any extra convention for
it, unlike with the symbol ‘€’.¢4 Even though it is not clear whether a
circle itself is a symbolic or an iconic representation of a set, it is clear
that the relation ‘being a member of’ is iconically (not symbolically)
represented when we write ‘f” inside a circle.
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Similarly, we may iconically represent relations among sets as well.
The following diagrams represent subset, intersection, and disjoint rela-
tions between two sets, respectively:

© @ 0o

Again, the relations between sets are abstract, but these abstract rela-
tions are represented not symbolically but iconically: These relations are
represented in terms of intuitively homomorphic visual facts, i.e., inclu-
sion, overlapping, and disjointness.®’ It is in the representation of rela-
tions that resemblance plays a crucial role in representation by icons,
but not in the case of symbols.®¢

For many reasons, we cannot perfectly depict the situation we reason
about, and we do not need to, either. In the examples above of Euler
diagrams, relations among different classes are what a user intends to
represent. Therefore, only those aspects of the reality are depicted by
easily observable visual relations among circles. Sometimes we might be
interested in representing the locations of objects. In that case, the loca-
tions of the signs (which represent the objects) are the only properties
whose resemblance matters. Therefore, the icon resembles different as-
pects of reality, depending on what a user intends to denote by using an
icon.®”

2.3.2 Symbolic versus iconic signs

By extending Peirce’s distinction among signs, we can address the fol-
lowing topics which have been heatedly debated in the research on
heterogeneous reasoning: What are the strengths and weaknesses of
symbolic and iconic representation systems? Is there a theoretical justi-
fication for the long-standing prejudice against the use of diagrams in a
rigorous proof in logic and mathematics?

Let’s examine the case of figures used in proofs in Euclidean geometry.
Some might object to the idea that geometric figures are signs in Peirce’s
sense at all. They might think that we draw a line or a circle in a proof,
but none of these figures represents any other thing. In the following, I
will show that geometric figures in Euclidean proofs are signs which
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represent something else and that these signs are icons rather than sym-
bols or indices. The discussion below will also further clarify the concept
of resemblance or likeness.

Suppose that a user draws a triangle to prove some property of a tri-
angle. What he draws on a sheet of paper is a particular triangle, while
the property he is supposed to prove is about triangles in general. How
does the transition from particularity to generality take place? Peirce’s
following passage seems to assume that this transition takes place,
without explaining how it happens:

By diagrammatic reasoning, I mean reasoning which constructs a diagram ac-
cording to a precept expressed in general terms, performs experiments upon
this diagram, notes their results, assures itself that similar experiments performed
upon any diagram constructed according to the same precept would have the
same results, and expresses this in general terms.®3

A transition from: the talks about a particular triangle constructed by the
user fo the talks about triangles in general is possible because the former
represents the latter. Therefore, this particular geometric figure is used as
a sign which represents something else.®® If we assume that an icon rep-
resents only a particular thing,”? we can never cross the bridge from the
properties that we find in the particular triangle fo the properties of a
triangle in general that we are interested in knowing. If we never allow
an icon to represent something in general, then no logical status can be
given to icons in a proof.

Let’s say that a figure of a triangle represents a triangle in general by
its likeness to what it denotes. How can a particular triangle resemble a
triangle in general? It seems obvious that this particular triangle resem-
bles a triangle in general much more than the symbol P does when we
say “Let P be a triangle.” Certain properties, for example, having three
sides and three angles, are shared by both this particular triangle and a
triangle in general. However, it should be noted that a specific figure
cannot resemble a general triangle in every respect. For example, any
particular triangle that we observe has its own size or its own shape, but
a general triangle does not. The size of an angle of any specific triangle
cannot represent the size of an angle of a triangle in general, since there
is no size of an angle of a universal triangle. Therefore, when the user
intends to represent a triangle in general by drawing a particular triangle
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in a geometric proof, his intention is successfully achieved by the recog-
nition that certain properties (for example, having three sides, having
three angles, etc.) are representing facts and certain properties (for
example, one side being shorter than the other two, no angle being
bigger than a right angle, etc.) are not.

Now, we may reach the following general conclusion about the rep-
resentation of icons: When we adopt an icon to represent something
in general (as a symbol does), it is important to classify the observable
properties of the particular icon into two different categories: properties
that are representing facts and properties that are not. Resemblance or
likeness plays a crucial role for the properties that are representing facts.
For representing properties, there is an obvious homomorphism between
representing facts and represented facts, thanks to the resemblance be-
tween them. However, there are properties the user does not intend to
use as representing facts. These are accidental properties that the adopted
icon has but that the denotation of this icon does not. The existence
of accidental properties is directly related to the traditional complaint
against the use of diagrams in a proof.”! While the symbol P does not
resemble any triangle, a specific triangle figure does resemble a particu-
lar triangle in almost every respect.”> For example, if I wanted to prove
some property about a triangle in general but the triangle I drew on the
paper happened to be isosceles, then I might easily commit a fallacy in
my proof by using some accidental properties of this particular triangle.
Therefore, it has been said that a diagram misleads us into fallacies,
since it emphasizes wrong aspects of the reality we are reasoning about.
We can now specify what these “wrong” aspects are. They are the prop-
erties which are not representing facts, and from which, therefore, one
should not read off represented facts.

Symbols also have accidental properties. For example, when we rep-
resent a triangle by one letter P, a token of the letter P has many acci-
dental properties, e.g., its own size, its own shape, etc. Then, why isn’t a
similar problem, i.e., the risk of being misled by wrong aspects, raised
against symbolic representation? Accidental properties of a symbol are
not confused as representing facts at all, since none of these properties,
e.g., the size or the shape of the letter ‘P’, is shared by the triangle that
this ‘P’ represents. Therefore, a symbolic proof system is easily set up so
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that non-representing facts about symbols do not play any crucial role in
any proof step. After the stipulation, say, “Let P be a triangle,” no step
that follows from the stipulation uses the properties of the size or the
shape of the token ‘P’

Symbolic representation adopts arbitrary conventions. Their arbitra-
riness has two sides. On the one hand, when the conventions are stipu-
lated, we have to learn every convention. What follows from the given
premises is not obvious, and we are required to learn how to use per-
missible manipulations. On the other hand, arbitrary conventions pre-
vent us from exercising our own intuitive way of thinking about their
denotations or manipulating these symbols, since these stipulations
override our intuitive ideas. Moreover, stipulation, part of the nature
of symbols, makes formalization conceptually much easier than for
other kinds of signs. As the meanings of symbols are conventionally stip-
ulated, so are the rules of semantics and inference. The concept of for-
malization thus comes very naturally in the case of symbolic languages,
which is why symbolic formal systems have been accepted without any
question.

In the case of iconic representation, the relation between representing
and represented facts is based on a similarity or resemblance that we
may observe at an intuitive level. This is a clear advantage an icon has
over a symbol. It can increase the efficiency of a representation system.”3
However, as discussed earlier, since an icon is specific and resembles its
denotation in some, but not all, aspects, some properties might be mis-
takenly thought to be representing facts. This is a drawback of iconic
languages.

Both symbols and icons carry out the same function, representation,
but there seems to be a trade-off between these two different kinds of
signs. The trade-off explains why sometimes symbols are preferred and
sometimes icons are. Many logicians, mathematicians, and scientists
actually do use icons, but only informally. When it comes down to rig-
orous formal proofs, the majority of logicians and mathematicians have
strongly preferred symbols over icons, since the possibility of fallacy
could lead us to disaster in the search of a valid proof. Another impor-
tant reason for the preference for symbols is that, as explained above,
the idea of an iconic formal system has not been considered until very
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recently. Hence, the concept of formal has been mistakenly identified
with the concept of symbolic. In turn, this incorrect identification has
intensified the strong prejudice for symbolic systems.

The prejudice against the use of diagrams is thus clarified. No logician
or mathematician can afford to take the risk of being misled by icons.
But what is the price of this bias? Obviously, we sacrifice the strong
points of icons. That is, we lose more intuitive relations, i.e., the visually
clear homomorphism, between representing and represented facts. By
contrast, in symbolic representation systems, both semantic rules and
inference rules need to be arbitrarily stipulated, and therefore, we have
to learn them from scratch. The trade-off seems to have been made for
accuracy at the expense of intuitiveness (or effectiveness).

Interestingly, an assumption behind the choice of symbols over icons
is that the strength of icons, i.e., the intuitive relation between representing
and represented facts, is not compatible with the strength of symbols,
i.e., formalization. So when we decide to formalize, we are ready to give
up the use of any iconic language. In the next section I challenge this
assumption so that we may see that the prejudice against the use of dia-
grams in proofs was a hasty conclusion after all.

2.4 Heterogeneous formal systems

According to Peirce’s theory of signs, none of three kinds of signs—
symbol, index, and icon—is intrinsically superior or advantageous to
the other two. Each of them carries out the same function, representa-
tion, in a different manner. And, as cited in the second section of this
chapter, Peirce was perfectly aware of possible wrong inferences caused
by figures in geometry proofs.”* However, a main difference between
Peirce and other logicians is that from the possible riskiness of figures
Peirce did not hastily conclude that an iconic language should be aban-
doned in reasoning. On the contrary, Peirce says, “A diagram ought to
be as iconic as possible,””5 and he highlights the advantage of icons over
symbols:

For a distinguishing property of the icon is that by the direct observation of it

other truths concerning its object can be discovered than those which suffice to
determine its construction.”®
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What does he mean by “direct observation? An example of Euler dia-
grams illustrates Peirce’s point well. Suppose that we draw the following
three circles in order to represent two pieces of information: “All A are
B” and “No B is C.”

») @

Then another proposition, “No A is C,” can be observed in the diagram,
since the circle for A and the circle for C are disjoint from each other.
Also, it is directly observed, since we do not have to manipulate the
original diagram in order to obtain this new piece of information.””
The benefit of direct observation becomes much clearer when we com-
pare Euler diagrams with symbolic representation. The two sentences,
“A = B” and “Bn C = (” must be manipulated in order to obtain the
sentence “A N C = (.” Therefore, we obtain the new piece of infor-
mation that no A is C more efficiently in iconic representation than
in symbolic representation. Even though Peirce did not use the word
‘effectiveness’, the distinguishing property of an icon he is talking about
in the passage quoted above is related to the effectiveness that iconic
languages can have over symbolic ones.

At the same time, Peirce makes it clear in other writings that icons
have their own shortcomings:
They [Euler circles] well fulfill the function of icons, but their want of gen-
erality and their incompetence to express propositions must have been felt by
everybody who has used them. Mr. Venn has, therefore, been led to add
shading to them; and this shading is a conventional sign of the nature of a token
[symbol].”8

We need to clarify three points in order to understand this passage
better. First, what does Peirce mean by ‘want of generality’ and what
kinds of propositions are not representable in Euler diagrams? Venn’s
criticism of Euler diagrams directly addresses the same points:
The weak point in this [an Euler diagram], and in all similar schemes, consists in
the fact that they only illustrate in strictness the actual relation of classes to each

other, rather than the imperfect knowledge of these relations which we may
possess, or may wish to convey by means of the proposition.””
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That is, Euler diagrams fail to represent partial information about the
relationships between the sets represented, and therefore, some proposi-
tions, for example, “All A are B” and “All C are B,” cannot be repre-
sented in a single diagram.80

Second, Peirce says that the failure of Euler diagrams to represent
partial information is why Venn introduced shading. However, it should
be noted that shading was introduced to Venn’s system after a new con-
cept, that of primary diagrams, was introduced. Therefore, strictly speak-
ing, Venn’s primary diagram was the solution to the lack of generality
of Euler diagrams. Primary diagrams represent sets without stating any
specific relation among them. For example, the following is the primary
diagram about sets A and B:

1Dk
With these primary diagrams and shading, the two pieces of informa-

tion, “All A are B” and “All C are B,” are represented simultaneously as
follows:

A

(-

Third, and most importantly, we need to pay attention to Peirce’s
insightful observation about Venn’s shading: Shading is a symbol, not
an icon.8! That is, shading represents emptiness, and this representation
is done by convention, not by resemblance. Hence, Venn diagrams are
not purely iconic, but mix icons and symbols. According to contempo-
rary terminology, Venn diagrams are an example of not a homogeneous,
but a heterogeneous system. Does the mixture between different kinds of
signs cause any problem? Not at all, according to Peirce. On the con-
trary, after considering the merits and the drawbacks of different kinds
of signs, Peirce arrives at the following conclusions:

I have taken pains to make my distinction of icons, indices and tokens clear, in

order to enunciate this proposition: in a perfect system of logical notation signs
of these several kinds must all be employed.$>

If symbolic logic be defined as logic—for the present only deductive logic—
treated by means of a special system of symbols, either devised for the purpose
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or extended to logical from other uses, it will be convenient not to confine the
symbols used to algebraic symbols, but to include some graphical symbols as

well.83

Peirce, who has explored different kinds of signs, advocates more than
one mode of representation in one and the same logical system; he favors
a heterogeneous representation system over a homogenous system.

Peirce, a logician known as a founder of modern symbolic logic, was
thus also the first person to establish the theoretical grounds for hetero-
geneous systems. I argue that this theoretical background is the main
philosophical driving force behind his graphical system, EG. Peirce’s in-
vention of graphical systems was not a coincidental product, but a logi-
cal product, of his theory of signs.

My analysis of Peirce’s theory of signs as the philosophical explana-
tion for his invention of EG is not only compatible with Hintikka’s and
Dipert’s perspectives on Peirce’s logical theory (discussed in the first
section of this chapter) but also answers the questions left unanswered
by these two perspectives. We can see that Peirce’s theory of signs con-
firms Hintikka’s interpretation of Peirce’s theory of logic: Peirce, ex-
ploring different kinds of signs, must have thought about re-interpreting
a language of logic, and would not have insisted on the existence of one
unique language. At the same time, Peirce’s theory of signs and repre-
sentation is the philosophical source of EG. Our examination of Peirce’s
theory of logical notations also supports Dipert’s evaluation that Peirce
did not wrongly identify formalization and symbolization, as the majority
of twentieth-century logicians did. Further, we discovered Peirce’s theo-
retical basis for a distinction between formalization and symbolization. In
his theory of notation, symbols do not occupy a special position, but
belong to one of the three kinds of signs. Peirce believed all three to be
necessary, and thus Peirce supported multi-modal formal representation.

Since Peirce suggested that a logical system should have signs of dif-
ferent kinds, he must have assumed that both symbolic and iconic for-
malization are possible. This is an interesting and important assumption.
Turning to Peirce’s concept of formalization brings us back to our dis-
cussions of Peirce’s diagrammatic reasoning in §2.2. I argued that Peirce’s
diagrammatic system is close to our deductive representation system: I
mean a System of diagrammatization by means of which any course
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of thought can be represented with exactitude.”8* “Exactitude” can be
achieved by his three branches of semiotics: pure grammar, logic proper,
and pure rhetoric. These three branches, respectively, correspond to the
syntax of a language, its semantics, and the inference rules of a system,
as we understand them. Remarkably, Peirce’s concept of diagrammatiza-
tion corresponds to our concept of formalization. As examined in §2.3,
there is no theoretical reason why some kind of signs should have these
three branches while some do not. Therefore, iconic diagrammatization,
that is, iconic formalization, should be possible.

Some might argue that icons cannot be formalized, since they have,
by their nature, misleading aspects, as we have seen in §2.3.2. This is a
hasty conclusion. I suggest that we improve iconic languages so that
they maintain their strengths but rule out possible sources of fallacy.
How do we make sure that a user does not mistake accidental, non-
representing facts for representing facts? Recall that the reason why this
kind of mistake does not arise in the case of symbolic systems is that
every representing fact there is stipulated. For example, the size of a
symbol is not stipulated as a representing fact. Hence, no valid conclu-
sion directly follows from the size of a symbol. We may follow a similar
procedure for iconic systems as well. We can provide semantic rules so
that the user knows which aspects of resemblance are taken to be rep-
resenting facts of icons. Also, permissible transformations should be
stipulated so that no accidental properties of an icon can provide us any
substantial piece of information. Nevertheless, we can keep an observ-
able homomorphic relation between representing and represented facts.
Then we will have a formal system for iconic language, which we need
to avoid the well-rooted prejudice against non-symbolic representations.

I believe that we are very close to what Peirce had in mind when he
invented his own graphical system, EG. In the next chapter I show that
EG is a standard formal representation system equipped with its own
syntax and semantics, and that this system is heterogeneous, as Peirce
believed a perfect logical system should be.
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Existential Graphs as a Heterogeneous System

In the previous chapter, we saw that Peirce’s theory of logical notation
assigns the same logical status to both symbolic and non-symbolic signs
and establishes the theoretical groundwork for heterogeneous formal sys-
tems. This, T argue, is the fundamental philosophical motivation behind
Peirce’s ambitious work, EG, the first comprehensive graphical system.

In what follows, I support this claim by examining EG carefully.
After introducing EG in the first section, in the second section I explore
how the symbolicity and the iconicity of a logical system are developed
throughout the history of Peirce’s two graphical systems, Entitative and
Existential Graphs. In the final section, I concentrate on the iconicity of
EG, focusing especially on Peirce’s own discussion.!

3.1 Introduction of Existential Graphs

EG consists of three parts, which Peirce calls Alpha, Beta, and Gamma
Graphs. These correspond to propositional, predicate, and modal logic,
respectively. Throughout this book I focus on the first two, i.e., Alpha
and Beta graphs. In this section I will introduce the basic vocabulary of
each system and present the meanings of graphs in an intuitive way.
More systematic formulations and the mechanics of each system will be
the main topics of the next two chapters.

3.1.1 Alpha graphs
The Alpha system has two kinds of primitive vocabulary: sentential
symbols and cut. Sentential symbols, A1, A, ..., represent propositions,
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and a cut represents negation. Also, when graphs are juxtaposed with
each other, we interpret it as conjunction. Examples easily illustrate how
to read off Alpha graphs:

Example 3.1 Let S stands for the proposition “It is sunny,” and W “It
is windy.” Graph (1) means “It is sunny,” (2) “It is sunny and windy,”
(3) “It is not the case that it is sunny and windy,” (4) “It is neither sunny
nor windy,” and (5) “It is not the case that it is neither sunny nor
windy,” which is the same as “It is sunny or windy.”

sosw G W 00 (O®
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Let’s define well-formed Alpha graphs inductively.
The set of Alpha graphs, %,, is the smallest set satisfying the following:
1. An empty space is in ¥,.
2. A sentence symbol is in 4,.
3. Juxtaposition closure If Gy isin 9,,..., and G, is in ¥%,, then the
juxtaposition of these n graphs, i.e., Gy,...,G,, (we write ‘G;...G,’
for juxtaposition) is also in %,.
4. Cut closure 1f G is in 9,, then a single cut of G (we write |G]’,
following Peirce’s linear notation)? is also in ¥,.

All the graphs in example 1 fit this definition and are, therefore, well-
formed.

Intuitively, a cut corresponds to a negation symbol and juxtaposition
to a conjunction symbol in a propositional language. Therefore, for now,
let’s consider this system analogous to a sentential symbolic language with
two sentential connectives, conjunction and negation. Hence, the Alpha
system, like a symbolic system with negation and conjunction, is truth-
functionally complete. However, the analogy between these two systems
breaks down in several important respects, and the differences between
them will be discussed in detail in the next chapter.
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3.1.2 Beta graphs

The Beta system is analogous to a pure symbolic first-order language
with an equality symbol, but without a constant symbol. This system
has three kinds of primitive vocabulary: predicate symbols, cut, and line.
A cut represents the negation of whatever is written inside the cut, just
as in the Alpha system. The main difference between Alpha and Beta
graphs is the introduction of lines into the Beta system. A line, called ‘a
line of identity’, denotes the existence of an object, and it can have many
branches, called ‘ligatures’.

Example 3.2 The first graph means “Some good thing is ugly,” the
second “Some good thing is ugly and useful,” and the third “It is not the
case that some good thing is not ugly,” which is the same as “Every
good thing is ugly.””3

is good
C is good g is good
) is ugly (
is ugly
is useful @

For a better understanding of the Beta system, it is illuminating to
compare the extension from sentential to predicate languages on the one
hand and the extension from Alpha to Beta graphs on the other hand.

The extension from sentential to predicate languages is quite straight-
forward when the sentence symbols of a sentential language are replaced
by the concatenations of predicates and names. Suppose that an atomic
well-formed formula (wff) of a sentential language % is a concatenation
of a predicate and a correct number of names depending on the arity of
the predicate, for example, P"(ay,...,4a,), where P" is an n-place predi-
cate and a4, ..., and a,, are names in .%,. When this sentential language
is expanded to a pure predicate language %,,* we require the following
grammatical extensions:

Extension in vocabulary The vocabulary of %, is the vocabulary of .Z;
plus variables and quantifiers

Extension in atomic wffs The definition of atomic wffs is extended in
the following way:
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P P"(ayq,...,a,) is an atomic wif, where P” is an n-place predicate
and a4, ..., and a, are names.

Zp: P"(t1,...,t,) is an atomic wff, where P” is an n-place predicate
and #1,..., and ¢, are either names or variables.

Extension in complex wffs The following additional inductive clause is
added to the definition of wffs of %: If 2v; (where 2 is a quantifier and
v; is a variable) is to the left of a wif, then the result is also a wff.

Therefore, every wif of %, is a wff of .%,. That is, the language is liter-
ally extended.

The extension from the Alpha system to the Beta system cannot be
stated as clearly as the above extension of symbolic languages. First of
all, EG does not have names. So, unlike the extension from %; to %,
we cannot replace a sentence symbol of the Alpha system with a con-
catenation of a predicate symbol and names. Another major difference
whereby the analogy between symbolic languages and EG breaks down
is that there is no unit in EG which corresponds to an open formula of
a predicate symbolic language. Every Beta graph corresponds to a sen-
tence of a predicate language. EG does not have a syntactic device cor-
responding to variables.

Let us compare the basic vocabulary in the Alpha and Beta systems.
No sentence symbol is used in the Beta system. Instead, two new syn-
tactic objects are introduced: predicate symbols and lines of identity
(henceforth, ‘LI’). That is,

Vocabulary in the Alpha system sentence symbols and cuts

Vocabulary in the Beta system predicate symbols, LIs, and cuts

An LI does not have to be straight. All of the following are Lls:

-— < >

For further discussion, we borrow the term ‘loose end’ from Zeman?®
and define it as an end of an LI without any attached predicate. None of
the lines above has a predicate attached, and therefore, each end of each
line is a loose end. That is, each line above has two loose ends.

In the Alpha system, two inductive clauses—one for the juxtaposition
of graphs and the other for the enclosure of a graph within a cut—tell
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us how to build graphs out of atomic graphs. In the Beta system, the
juxtaposition clause is kept, the cut clause is modified, and two more
clauses are added.

The set of Beta graphs, %, is the smallest set satisfying the following:

1. An empty space is in %.

2. A line of identity is in %;.

3. Juxtaposition closure 1If Gy is in %, ..., and G, is in %, then the
juxtaposition® of these n graphs Gi,...,G, (we write ‘Gy...G,’ for
juxtaposition) is also in %.

4. Predicate closure 1If G is in %, then a graph with an n-ary predicate
symbol written at the joint of # loose ends in G is also in %;.

5. Cut closure If G is in %, then a graph in which a single cut is
drawn in any subpart of G without crossing a predicate symbol is also
in %g.

6. Branch closure If G is in %, then a graph in which an LI in G
branches is also in %;.

According to the second clause, each of the following four graphs is a
Beta graph:

~__ D, ——
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An LI can be straight or curved. Moreover, the both ends of an LI can
meet each other to form a closed curve, like graph (4) above. We call
this enclosed curve a cycle.”

The third clause for % is the same as the third clause for %, and is
straightforward. This clause allows us to juxtapose all of the above lines
to make one Beta graph. That is, the graphs above may be one single
Beta graph. Note that the non-overlapping condition for juxtaposition
needs to be observed. For example, the following graphs (though they
are Beta graphs) would not be Beta graphs obtained by the application
of the third clause to some of the graphs in the above (that is, we would
not interpret graph (5) as the juxtaposition of two graphs (1) and (3), or
the graph (6) as the juxtaposition of the graphs (2) and (3)):
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.~ > —
(5) (6)

The fourth clause introduces another new syntactic device of the Beta
system, a predicate symbol. Suppose F is a unary, G a binary and H a
ternary predicate. Then, if F is written at one loose end, G where two
loose ends meet, and H at the joint of three loose ends, the result is a

"0

To put it another way, an n-ary predicate has 7 hooks to be filled. As

Beta graph, as follows:

F——a¢

long as the hooks of a predicate symbol are all filled with loose ends of
LIs, the number of LIs does not have to equal the number of the hooks
of a given predicate. For F, one LI is used, for G two Lls, but for the
ternary predicate H, only two LIs. However, the following is not a Beta
graph, since F has only one hook to fill:

s,

The fifth clause, cut closure for %, is slightly different from cut clo-

F— M F

sure for ¥,. Given graph G, the Alpha system allows us to enclose G
with a cut completely, but not partially. By contrast, the Beta system
allows us to draw a cut which encloses G partially as well (as long as the
cut does not cross a predicate symbol). Therefore, the following graphs
are well formed:3

= O&— o —0

The following is a Beta graph by application of clauses 2, 3, 4, and 5:°

N
Nz

However, since there is a condition in the juxtaposition closure clause

that no part of juxtaposed graphs should overlap with each other, we
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cannot say that graph above is the result of juxtaposing the following
two graphs (7) and (8):

~—

@) ®)

Peirce provided a linear notation for the Alpha system:!° For graph G,
a single cut of a graph G may be expressed as {G]’. Since a cut may
enclose any subpart of G in the Beta system, and accordingly an LI may
cross a cut, Peirce’s linear notation for the Beta system allows a line to
cross a bracket. Thus, ‘-[-G]> and |{G’—]|-[-G"]> are examples of the
linear notation for Beta graphs.!’ However, we can predict that the
multiplicity of ends of LIs and their branches makes Peirce’s linear
notation for Beta graphs much more complicated than that for Alpha
graphs.

The sixth clause of the definition of the set of Beta graphs tells us that
an LI may branch. Therefore, all of the following are Beta graphs:

~ < Y

A comparison between my new definition and Zeman’s well-known
recursive definition of Beta graphs is in order.!?

Zeman’s Definition of Beta Graphs

The set of Beta graphs, 4, is the smallest set satisfying the following:13
Z1 An empty space is in 9*.

Z2 A line of identity is in *.

Z3 A branch connecting three Lls is in %*.

Z4 Predicate closure An n-ary predicate symbol written at the joint of
n separate Lls is in *.

Z5 Complete cut closure 1f G is in 4*, then a single cut of G (Zeman
writes ‘S(G)’) is in ¥*.

Z6 Juxtaposition closure 1If Gy isin 4*,..., and G, is in ¢*, then the
juxtaposition of these n graphs Gy, ..., G, (Zeman writes ‘J(G1 ... G,)’)
is also in ¥*.
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Cut closure F—@— G

Juxtaposition closure  F

Predicate closure G Predicate closure

LI - _— LI

Figure 3.1
Our definition.

Z7 Connecting closure If G is in 9* and G has 7 (2 < n) loose ends,
then a graph in which two loose ends in G are connected without
crossing the same cut more than once is also in 4*, and the graph has
n — 2 loose ends.

An example will illustrate how these two definitions provide different
histories for the same Beta graph (see figures 3.1 and 3.2).

Zeman has three basic and four inductive clauses, while I have two
basic and four inductive clauses. The first two basic clauses and the
juxtaposition-closure clause are the same in both definitions. There are
several differences, though, and the question arises about the equiva-
lence. First, I do not have a clause which does the same job as Zeman’s
connecting closure does. Does my definition generate fewer Beta graphs
than Zeman’s does? Second, Zeman’s third basic clause is covered by
my branch closure, but not vice versa. Zeman’s predicate closure re-
quires 7 separate LIs, while mine requires 7 loose ends. Again, Zeman’s
complete cut closure is more restricted than my cut closure, since the
former only allows one to enclose the entire (not a partial) graph. Does
my definition generate more than Zeman’s?

Equivalence Zeman’s definition and my definition of Beta graphs have
the same extension.

Proof We need to show (i) 4" = %, and (ii) 9 < ¥".

(i) As mentioned above, the only formulation in Zeman’s definition
which my definition does not seem to cover is his last clause, con-
necting closure. There are three cases:
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F—@— G Connecting closure
F— @ —G  Juxtaposition closure

Predicate closure Complete cut closure  Predicate closure
=
LI Juxtaposition closure LI
LI LI
Figure 3.2

Zeman’s definition.

(1) Consider the case in which Zeman’s connecting-closure clause
produces a cycle. For example,

o 5 D

For the definition of %, this case is covered by one of the basic
clauses, the LI clause. Recall that my LI clause covers the case of
a cycle.

(2) Consider the case in which the connection does not involve
passing through a cut. For example,

For the definition of g, this case is covered by my branch-
closure clause. Without rule Z7, Zeman’s definition would pro-
duce only a line of identity and a line with three branches.
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4@— Z7: Connecting closure
Q Z6: Juxtaposition closure
Z2: LI Z5: Complete cut closure Z2: LI
_ - _
Z2: LI
Figure 3.3

Connecting two loose ends through a cut.

(3) Consider a case in which the two loose ends are connected
through a cut, for example, that in figure 3.3.

Since my cut closure allows a cut to be drawn around a proper sub-
part of a graph, Zeman’s connecting-closure clause is not needed.
The reason why Zeman needed this case of connection is that his
complete-cut closure allows us to draw a cut enclosing the whole
graph, but not a proper subpart of the graph.

Therefore, whatever is produced by Zeman’s definition can be
produced by our rules, and so ¥* = %;.
Now we would like to show that whatever is produced by my defi-
nition can be produced by Zeman’s rules. My first three rules corre-
spond to Zeman’s clauses 1, 2, and 6, respectively. We will examine
the other three closures one by one:

(1) Predicate closure: My predicate-closure clause allows us to write
an n-ary predicate symbol at the joint of # loose ends, while
Zeman’s predicate-closure clause requires that an n-ary predi-
cate symbol be written at the joint of n separate LIs. However,
Zeman has the connecting closure clause, which may connect
any loose ends when needed. For example, if P is a binary
predicate, then the graph on the left side is in %, by our clauses
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Cut closure —@

LI

Figure 3.4
Our definition.

—@ Connecting closure

Juxtaposition closure

LI Complete cut closure
LI
Figure 3.5

Zeman’s definition.

47

2 and 4. Zeman’s predicate closure requires a different con-

struction history for this graph, but it is in %*:

(> =
N

by our predicate closure by 74 by 727

(2) Cut closure: As mentioned before, my cut-closure clause allows

us to draw a cut in any subpart of a graph, while Zeman’s

complete cut closure requires that a cut enclose the whole graph.

Again, Zeman’s connecting-closure clause permits us to connect

loose ends of lines through one and the same cut once. (See the

example in figures 3.4 and 3.5.)

(3) Branch closure: This closure clause allows us to draw any num-

ber of branches in a graph. In Zeman’s definition of 4*, a line

and a line with three branches seem to be produced. How can

Zeman introduce a line with more than three branches? Peirce’s
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own theorem Irreducibility of Triads answers this question: The
theorem says, “[E]very polyad higher than a triad can be ana-
lyzed into triads, though not every triad can be analyzed into
dyads.”# Hence, having a clause for three branches is necessary.
When an # branch (4 < n) may be drawn by my definition, this
theorem tells us that we may break this network of LIs into
more than one network of LIs with each of them having at most
three branches. Now with the help of Zeman’s connecting-closure
clause, these networks may be connected. The following is an

example:
— — <>
by Z7
by my branch closure by Z3 by Z3

We thus know that a graph produced by my definition is in
the set 4*, and so ¥; < 9. O

3.2 The symbolicity of Existential Graphs

As discussed in detail in the second chapter, Peirce made it clear that a
logical system is likely to consist of more than one kind of a sign. He
pointed out that even an algebraic system has iconic aspects. It will be
an interesting inquiry to sort out the elements of symbolicity, if any, and
the elements of iconicity in Peirce’s own graphical system. As a matter of
fact, Peirce admits that EG is not entirely iconic: “The system [EG]|, of
which the slightest possible sketch has been given, is not so iconoidal as
the so-called Euler’s diagram; but it is by far the best general system
which has yet been devised.”15

The history of the development of EG shows us how Peirce struggled
with different alternatives for symbolic and iconic elements for the sys-
tem. We find Peirce’s discussion of graphical representation of relatives
in his letters of 1882.1¢ Peirce’s first graphical system, called “Entitative
Graphs,” was presented in 1897.17 Some ideas in these earlier discus-
sions survived as features of Entitative Graphs, while others did not.
Also, some features of Entitative Graphs have been kept in EG, while
others have not.
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I will show that both transitions—one from Peirce’s preliminary dis-
cussions to Entitative Graphs and the other from Entitative Graphs to
EG—involve the replacement of some symbolic features with iconic
ones. But, strikingly, we do not find the opposite; no iconic features are
replaced with symbolic ones. In this section I mainly focus on the sym-
bolic representing features, some of which are replaced in the several
stages of Peirce’s development of graphical systems, and I will discuss
the iconic features of EG in the next section. Interestingly, as we will see
soon, even Peirce’s final system, EG, is not completely free from sym-
bolic features. After discussing why these symbolic features are retained
throughout the process, I will conclude that EG, with both symbolic
and iconic features, is a formal heterogeneous representation system. If
so, it is not surprising to see Peirce refer to EG as “My Chef d’Oeuvre”
in light of his support for mixtures of signs in a logical system.

Peirce’s original discussions of graphs, which are far from being com-
prehensive, are centered around the representation of existential and uni-
versal statements. The main points of these discussions are summarized
by Roberts in the following way:

Note that the lines represent individuals—persons, in this case; and note that the
lines, when simply drawn on the sheet, are to be read ‘something’ or ‘some-
one’.... Figs. 1 and 2 further illustrate the use of the line as a sign of ‘some-

thing’, and Figs. 3 and 4 illustrate Peirce’s notational device for expressing
‘everything’. The interpretations given below are Peirce’s.

b— I I I
O O £

Fig. 1 Fig. 2 Fig. 3 Fig. 4
Fig. 1 means ‘something is at once benefactor and loved of something, that is,
something is benefactor of a lover of itself’. ... Fig. 2 means ‘something is a lover
of itself’.... Fig. 3 means ‘everything is a lover of itself’.... In this system, to
draw a bar through a line is to make it a sign of ‘everything’.... Fig. 4 means
‘everything is either a lover or a benefactor of everything’....18

As Roberts correctly pointed out, the use of identity lines is retained in
EG,' and I will argue in the next section that this is an iconic feature of
EG.

Which part, then, of the original ideas in this discussion was
abandoned either in Entitative Graphs or in EG? The notation for the
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representation of ‘everything’, that is, a bar through a line as in Roberts’
figures 3 and 4, is not found in either system. This notational device is
symbolic rather than iconic. Given the meaning of an identity line,20 a
bar drawn through an identity line does not resemble the meaning of
‘everything’, which this bar represents. That is, this notation is not
iconic at all. For example, in the above quotation, given the meaning of
figure 2, we have no way to tell from inspection alone what figure 3
means, since the meaning of a bar is arbitrarily stipulated, which is the
essential nature of symbols. This notational device of a bar is dropped in
Peirce’s first graphical system, Entitative Graphs.

The letters of 1882 give only a sketch of Peirce’s main ideas of graphical
systems and are far from being complete. First of all, the representation
of negation was not even mentioned at all. Second, it is not at all clear
how figure 1 represents conjunctive information while figure 4 repre-
sents disjunctive information. We will see how these two questions were
answered in Peirce’s first graphical system.

Roberts suspects that a notational invention for the representation of
negation made it possible for Peirce to turn these preliminary discussions
into a graphical system.2! As explained in the first section of this chapter,
a cut represents negation in EG, and this is also the case with his previous
system, Entitative Graphs. Is a cut a symbol or an icon for negation?

Zeman’s following explanation is the closest attempt to find iconicity
in this logical notation, the cut:

The cuts are discontinuities on the sheet of assertion, and they are meant by
Peirce to correspond to discontinuities in reality. The non-existent, the unac-
tualized, is in a definite sense discontinuous with the existent, the actual insofar
as it is not part of the universe of existent individuals. In general, a cut as a
break in the continuity of any graphical area indicates a certain break in con-
tinuity between what is inside and what is outside of it.22

Assuming that there is no continuity between actual and non-actual re-
ality, Zeman seems to think that Peirce chooses the cut to represent this
discontinuity, by isolating non-actual propositions inside a cut. How-
ever, Zeman does not have a firm ground to claim that this representa-
tion is iconic, since all he could claim for the relation between the cut
and non-existent fact is “corresponds to” or “indicates.” Both of these
relations are far from being a sufficient condition for a sign to be an



Existential Graphs as a Heterogeneous System 51

icon, since we may say that a symbol too corresponds to or indicates a
certain fact or object.

Even though Peirce adopts a broad meaning of ‘resemblance’ as a cri-
terion for iconicity, it is not easy to explain what it means for any sign
to resemble a negative fact. Can a negative fact be iconized? How can
we visualize a negative fact itself? This is a classic problem with nega-
tion. For example, we may visualize the fact that it is sunny, but can we
visualize the fact that it is not sunny? We may visualize the fact that it is
raining, and this fact implies the fact that it is not sunny. This suggests
that any notational device for negation is bound to be a symbol.

How does Peirce handle the other issue, the distinction between con-
junctive and disjunctive information, in Entitative Graphs? Even though
Peirce did not focus on this issue directly in his paper “The logic of
relatives” (1897), where this system was presented for first time, his
solution to the problem of how to represent conjunctive and disjunctive
information becomes clear in the system. He presents a structure for
conditional propositions as one of the most basic graphs:

(h>—a

Here, b is the monad is a man,” and d is the monad is mortal,”
The antecedent is completely enclosed, and the meaning is “Anything whatever

p y > g Yy g >
if it be a man, is mortal.”23

Since this proposition is equivalent to “Anything whatever, it is either
not a man or mortal,” in this system juxtaposition represents disjunctive
information. That is, the following Entitative Graph represents the prop-
osition “It is sunny or windy.”

It is sunny. It is windy.

Then, the proposition “It is sunny and windy” is represented in the fol-
lowing way:24

This is opposite from how EG represents conjunctive and disjunctive in-
formation. Before we evaluate the symbolicity of the notational devices
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of these two systems, we need to discuss the differences between con-
junctive and disjunctive information.23

Suppose that it is sunny and windy. In this situation, we may observe
both that it is sunny and that it is windy, but not conjunction itself. In
reality, there is no represented fact corresponding to the English con-
junctive word ‘and’. Instead, facts are just accumulated, and nothing else
is needed to amalgamate these facts. On the other hand, in English we
use the word ‘and’ to convey conjunctive information. This is the case
with symbolic logic as well. The connectives ‘A’, ‘&, and ¢’ are used for
this purpose.

Suppose that it is sunny or windy and that we take a picture to verify
this information. If this information is correct, we will get a picture of a
situation conforming to one of the following three possibilities: (i) it is
sunny and not windy, (ii) it is windy and not sunny, or (iii) it is sunny
and windy. However, we will never get a picture of the situation in
which the disjunctive fact that it is sunny or windy is displayed. Inter-
estingly, any one of these three possible pictures conveys more than the
original disjunctive information. We can find a situation that supports
disjunctive information, but this situation contains more than the dis-
junctive information.

Reality displays only conjunctive information, not disjunctive infor-
mation. In the case of conjunctive information, as seen above, facts are
accumulated in reality without any “connective fact” itself. We cannot
find anything in reality that resembles connectivity. Therefore, any no-
tational device for conjunction is a symbol, not an icon. Thus, if a sys-
tem is to be iconic in representing conjunctive information, it should not
introduce a sign but display pieces of information. This is the closest re-
semblance we can expect between reality and a representation system
as far as conjunctive information goes. On the other hand, in the case
of disjunctive information, no reality displays a disjunctive fact itself.
Therefore, any form of representation for disjunctive information—
whether a sign is introduced or not—is bound to be symbolic, since
there is nothing to be resembled in this case.

Now let’s summarize Entitative Graphs’ and EGs’ representation for
negative, conjunctive, and disjunctive information.
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not P Pand Q PorQ

Entitative Graphs @ P Q
Existential Graphs ®
P Q

Entitative Graphs adopt a sign for conjunctive, but not for disjunctive

information, while EGs go the other way. Therefore, both conjunctive
and disjunctive information are represented with their own conventions
in Entitative Graphs, while in EGs conjunctive information is repre-
sented (rather) iconically?¢ and disjunctive information symbolically.
Why did Peirce change from one way to the other? There seems to be no
reason other than that Peirce decided to move towards iconic represen-
tation as much as possible.2”

3.3 The iconicity of Existential Graphs

This section discusses Peirce’s own stated intuitions about EG, which, 1
claim, take these representation systems to be iconic and, accordingly,
distinct from symbolic predicate languages. On the basis of Peirce’s
passages, I reconstruct three iconic components in EG, all of which are
involved in representing quantified information. These three visual
features will become important when I evaluate the existing reading
methods of EG and present my new reading algorithms in the following
two chapters.

3.3.1 Lines of identity

It is well known that relations are more difficult to represent in a
graphical system than are properties. For example, Euler or Venn graphs
are effective diagrammatic representation systems as long as inferences
are limited to properties.?® In the discussion of Venn diagrams, which
precedes his writing on EG, Peirce points out this limitation as one of
the problems of Venn’s system: “| The Venn system| does not extend to
the logic of relatives [i.e., relations].””??
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Hence, Peirce’s first motivation for the Beta system is to represent
relations graphically .30

In many reasonings it becomes necessary to write a copulative proposition in
which two members relate to the same individual so as to distinguish these
members.3!

His example is the proposition that A is greater than something that is
greater than B. After suggesting unsuccessful graphs, finally he says,

[I]t is necessary that the signs of them should be connected in fact. No way of
doing this can be more perfectly iconic than that exemplified in Fig. 78 [the fol-
lowing graph].32

A is greater than _.)_

This syntactic device, i.e., the line connecting two predicates, repre-

is greater than B

sents one and the same object, which A is greater than and at the same
time which is greater than B. This is why Peirce calls this line a line of
identity, which is a clear case of iconic representation of the sameness.
This intuition is captured in the following convention:

Convention A heavy line, called a line of identity, shall be a graph
asserting the numerical identity of the individuals denoted by its two
extremities.33

This new vocabulary serves two important functions. First, the intro-
duction of lines adds expressive power to the Beta system by allowing
us to represent individuals and relations, while his Alpha system cannot.
At the same time, this device, representing sameness iconically, makes
a clear distinction between Beta graphs as a graphical system and other
predicate languages as symbolic systems. While in a symbolic system
tokens of the same type of letter represent the same individual that each
token denotes, in Peirce’s Beta system a network of lines represents the
same individual denoted by each branch of the network. That is, Peirce’s
system graphically represents numerical identity with one connected
network. Peirce’s following passage intends to express these roles that a
line of identity plays in the Beta system:
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The beta-part of the system of existential graphs is distinguished by its taking
cognizance of individual identity and individuality.3#

For example, in the following first-order sentence,
IxIy[Tall(y) A Love(x, y) A Walk(y) A Teacher(x)
A Smile(y) A Woman(x)],

we need to keep track of tokens of x and y more carefully than when
the identity of each individual is represented (in a visually much clearer
way) by graphical lines in the following Beta graph:

Walk
Woman -/ Love \ Smile
Teacher Tall

Visual clarity in representing identity is more easily obtained in the
Beta system than in symbolic languages, thanks to this iconic represen-
tation with lines of identity. A contrast between the use of variables and
the use of a line is well captured by Zeman:

The line of identity shows that two verbs have the same subject by actually
hooking them together; the selective [a bound variable Peirce adopted] (and the
variable of ordinary quantification theory) performs this function by putting
identically appearing symbols in the two subject positions. ... Peirce wants a sign
which will not merely be conventionally understood as signifying identity, but
which will naturally, iconically represent identity.35

For representing identity, writing tokens of the same type of a variable
in more than one spot is conventional,3¢ while connecting more than
one spot by one and the same line is iconic. It is also interesting to notice
that Zeman claims that the latter is a natural way of representing identity.

Peirce aimed to make the Beta system as iconic as possible,3” and
Peirce’s intuition about the use of lines stems from this motivation.
Peirce’s valuable intuition should be respected when we read off and
manipulate Beta graphs. This will be one of the important criteria when
we evaluate existing reading methods and transformation rules of the
Beta system. As we will see in chapter 5, some existing methods of trans-
lation from a graph to a sentence unfortunately ignore this iconic fea-
ture to generate more than one type of variable for one and the same
network of identity lines.
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3.3.2 Existential versus universal quantifiers
As Roberts says at the beginning of his chapter on the Beta part of EG,
this system is “a treatment of the functional or predicate calculus, the
logic of quantification.”3® However, the most striking aspect of Beta
graphs compared with other predicate languages is that this graphical
system does not introduce any syntactic device which corresponds to the
quantifiers of symbolic languages. Then, we might ask, how can this
system be about the logic of quantifiers? This question leads us to the
next iconic feature of EG, to which I now turn.

Rather than adopting one more syntactic device for quantification,
Peirce relies on visual features that already exist in a graph:
[A]ny line of identity whose outermost part is evenly enclosed refers to some-

thing, and any one whose outermost part is oddly enclosed refers to anything
there may be.>®

The following exemplify even enclosure and odd enclosure:#0

is good is good
Since the outermost part of the line in the left graph is evenly enclosed
(in this case, enclosed zero times), this graph says that something good is
ugly. On the other hand, the graph on the right side says that everything
good is ugly: the outermost part of the line, next to ‘is good’, is enclosed
once, i.e., oddly.

Existential and universal quantifiers are represented by whether the
outermost part of an LI is evenly or oddly enclosed, without any addi-
tional iconic or symbolic object being introduced. Some might wonder
whether this choice is conventional. If so, they might argue, the repre-
sentation of these two different quantifiers is not intrinsically different
from the arbitrary convention for symbolically representing these quan-
tifiers, i.e., ‘3> and ‘V’. But Peirce’s decision for these two quantifiers is
not arbitrary at all, for the following reason: As explained in §3.2 and
in §3.3.1 respectively, a cut represents a negation and a line of identity
represents something. As pointed out in each section, a cut is symbolic
representation and a line of identity is iconic. From this heterogeneous
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representation, the representation for existential and universal quanti-
fiers is easily obtained. When the outermost part of a line lies in an
evenly enclosed area, it is interpreted as ‘something’, since it is an iconic
representation of ‘one and the same object’. If the outermost part of a
line is enclosed by an odd number of cuts, we get the negation of the
existential quantifier, that is, ‘it is not the case that something is....
Hence, ‘everything is not ...” is the interpretation of this line. Quite
similarly, the symbol ¥’ is adopted as the abbreviation for the symbols
‘23", Without the introduction of the new symbol ‘¥’ expressions
sometimes could become too cumbersome to read off easily. But, unlike
with symbolic languages, Peirce’s graphical system does not need another
syntactic device to represent this universal quantifier. All we have to do
is to read off a visual aspect of the graph, i.e., the outermost part of an
LI being oddly enclosed.

I take this intuition to reflect one of the most important features that
makes this system graphic. However, as I will show in chapter 5, dis-
appointingly none of the existing reading methods systematically im-
plements Peirce’s intuitive distinction between existential and universal
quantifiers. The neglect is quite surprising, since Peirce spelled out this
strong point of the system in the quotation above and many authors are
not only perfectly aware of Peirce’s intuition but even quote Peirce’s
discussion in their works.#! T will investigate the cause of this neglect
after carefully examining each reading method.

3.3.3 Scope of quantifiers

In linear symbolic systems, the scope of syntactic operations is clarified
by the linear order of the symbols, or sometimes by this order along
with the use of parentheses. Since Beta graphs’ representation of quan-
tifiers is not linear, the next question is how to represent the order
among different quantifiers. For example, how does this system make a
distinction between the proposition VYx3yL(x,y) and the proposition
IyVxL(x,y)? Roberts refers to Peirce’s manuscript where Peirce ad-
dresses this problem:

According to Peirce, the difficulty of representing the logic of relatives graph-

ically lies entirely in the circumstance that it is necessary to distinguish between
[the above] two propositions. (Ms. 481)42
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Peirce solves this problem in the Beta system by appealing to a visual
feature about where the outermost part of a line is written: The less
enclosed the outermost part of a line is, the larger the scope that the line
gets. As an example, let us compare the following graphs:*3

is Catholic
adores — is a woman

In the first graph, the line whose outermost part is oddly enclosed is

adores is a woman

less enclosed than the line whose outermost part is evenly enclosed.
Therefore, the universal quantifier has larger scope than the exis-
tential quantifier. In the second graph, it is the other way around.
While Vx(Catholic(x) — Jy[Adores(x, y) A Woman(y)]) is what the
first graph expresses, the second says dy(Woman(y) A Vx[Catholic(x)
— Adores(x, y)]).

All the literature on the Beta system emphasizes the importance of
scope. However, no literature highlights this feature as a crucial aspect
that differentiates this visual system from symbolic languages. Note that
Peirce takes advantage of a visually natural homomorphic relation be-
tween the position of lines and their scopes: If the outermost part of line
Iy is less enclosed than the outermost part of line [, then the reading of
the LI [} has larger scope than .



4
The Alpha System Reconsidered

In the previous two chapters, we have explored the theoretical aspects of
Peirce’s EG. In this and the following chapters, we take up more practi-
cal aspects of EG and suggest improvements in the actual use of EG as a
deductive system.

EG’s Alpha and Beta systems have been proven to be sound and
complete deductive systems equivalent to sentential and first-order lan-
guages.! However, logicians have strongly preferred symbolic systems to
these graphical systems. Why? Some might cite a long-standing prejudice
against non-symbolic representation to explain logicians’ preference for
symbolic languages. However, since we are interested in how the pre-
judice plays a role in this specific case, I investigate more concrete rea-
sons behind this preference.

It is true that Peirce himself did not consider EG a calculus.? How-
ever, this cannot be the main reason why logicians have strongly pre-
ferred symbolic systems over Peirce’s graphical system. First, Peirce’s
refusal to categorize EG as a calculus follows from his own distinction
between logical systems and calculi, which not many of us would accept.
If this distinction is not assumed, we do not have to accept the narrow
role Peirce assigned to EG. More importantly, when Peirce said that
good logical systems cannot be good deductive calculi, he meant to in-
clude both symbolic and graphical systems under logical systems. Hence,
according to Peirce, there is no reason why symbolic logical systems are
used as calculi, but graphical systems are not. However, his symbolic
first-order system, as modified, has been used by working logicians. Hence,
Peirce’s own discouragement cannot be a major obstacle for the use
of his EG system. Third, there is not much evidence for logicians’ even
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being aware of Peirce’s passages where he stipulated the goal of making
EG not a calculus but a logical system.

There are much more serious criticisms against the use of EG as a de-
ductive system. Logicians commonly complain that Peirce’s EG is too
complicated to put to actual use. This complaint comes from the fol-
lowing two specific sources: First, graphs of EG are not easy to read off.
These graphs have been considered to be less natural or less intuitive
than symbolic sentences. Similarly, another complaint against Peirce’s
graphical system is that the inference rules of EG are not as intuitive
as the inference rules of natural deductive systems.3 In addition to these
specific criticisms, many have also believed that Peirce’s graphical system
lacks the kind of visual power present in a system like Euler diagrams.*

These criticisms are well taken in the following respect: The more
complicated the interpretation or the manipulation of a system is, the
less efficient the system is. Granting the legitimacy of these criticisms, in
chapters 4 and 5, I present new methods to understand the Alpha and
Beta systems, respectively. I will show that the superficial relation drawn
between the Alpha system and a sentential language with only two con-
nectives, i.e., conjunction and negation,” is not only misleading but has
prevented us from fully using this graphical system. Therefore, I suggest
that one utilize more fine-grained visual aspects of the systems for a
more direct and more natural reading algorithm, for a more efficient
formulation of inference rules, and for a more intuitive interpretation
of these rules. The main idea is that if we take advantage of visual dis-
tinctions already present in EG, the system becomes more intuitive and
useful. Some of these features were discussed by Peirce and other scholars,
but none of the existing works has implemented all of them, nor have they
presented a systematic way for understanding the visual features.

The first section summarizes the traditional reading method for this
graphical system to see why reading off an Alpha graph has been con-
sidered challenging. In the second section, while uncovering important
visual features of the Alpha system, I present a new reading method, one
which directly gives us a translation in a useful and important form. In
the third section, I draw attention to another visual feature of the sys-
tem, called “scroll,” which was discussed by Peirce and mentioned in
other literature but has never been fully developed. I then show that we
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can combine all the visual features discussed in this chapter to create
another reading method of the Alpha system. I claim that this method
is more natural than the other two examined in the first and the second
sections. The fourth section then re-states the inference rules of EG in a
more natural and intuitive way than they have been by Peirce or com-
mentators. Finally, in the fifth section I make a stronger claim for the
Alpha system: This graphical system is more efficient than symbolic lan-
guages for certain purposes.

4.1 “Endoporeutic” reading

It has long been believed that Peirce’s Alpha system has only two kinds
of syntactic operation: cut and juxtaposition. By interpreting cuts as ne-
gation and juxtaposition as conjunction, the meaning of a graph usually
turns out to be a negation of a sentence which consists of several con-
juncts, each of which is again a negation of a sentence, etc. These nested
negations and conjunctions add only unnecessary complication, just as
a formula which uses only negation and conjunction symbols is often
more cumbersome than a formula which has the same meaning but uses
disjunction and conditional symbols as well. As we know, this is a main
reason why we usually use more connectives than ‘=’ and ‘A’, even though
these two are enough to express every Boolean function.

Hence, the meaning of a graph has been obtained through two stages:
(i) translate a cut into a negation and a juxtaposition into a conjunction
to get a sentence with nested negation and conjunction symbols, and (ii)
if the result looks complicated, simplify it by adopting an additional
connective to get an equivalent sentence. Let me illustrate this process
through an example.

Example 4.1 The following graph is translated into the sentence
‘(=P A (0O AR)):

@ (@
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Next, DeMorgan’s Law is used to get a simpler-looking sentence,

‘(Pv (MO AR)).

The impression has endured that Peirce’s system has fewer syntactic
devices, which makes the two translation stages ((i) and (ii) above) in-
evitable. Therefore, in most cases, Peirce’s graphs are bound to be read
indirectly.

Interestingly, while we have heavily relied on first-order symbolic logic
for understanding EG, no effort has been made to find anything analo-
gous in Peirce’s system to ‘v’ and ‘=’ in symbolic systems. Many, with-
out further inquiry, assume that Alpha graphs are analogous to symbolic
sentences with only ‘= and ‘A’. Therefore, just as we prefer sentences
using more connectives, Alpha graphs have not been our choice for
practical use.

A similar problem arises when we translate a sentential formula into
a graph. Given the simple sentence (P v Q)’, we need to transform this
sentence into the more complicated looking sentence ‘—1(—P A —Q)’,
since it is believed that only two kinds of syntactic devices exist in the
Alpha system. That is, whenever we need to represent information in
this graphical system, we need to manipulate the information in terms of
negation and conjunction. Again, this does not seem to be the simplest
way to represent given information.

Closely related to these well-known complaints, I would like to raise a
more fundamental problem with this traditional reading method, one
which I propose to solve in the next section. In his pioneering work The
Existential Graphs of Charles S. Peirce (1973), Don Roberts emphasizes
the importance of the order of negation and conjunction for translating
the following Peircean graph (which means ‘It is not the case that both P
is true and Q is false’, i.e., ‘Either P is false or Q is true’):

- (@

Notice that we do not read it: ‘Q is true and P is false’, even though Q is evenly
enclosed and P is oddly enclosed. ... [W]e read the graph from the outside (or
least enclosed part) and we proceed inwardly. .. .6



The Alpha System Reconsidered 63

Roberts suggests that the following passage from Peirce is evidence that
this method, “a method to which Peirce gave the name ‘endoporeutic’,””
was what Peirce originally had in mind:

The interpretation of Existential graphs is endoporeutic, that is proceeds in-
wardly; so that a nest sucks the meaning from without inwards unto its centre,
as a sponge absorbs water.8

The interpretation of the above graph as ‘Q is true and P is false’ is
not correct, because this interpretation confuses the scope of negation
and the scope of conjunction. When we consider negation and conjunc-
tion to be the basic relations of a graph, the question of how to proceed,
i.e., whether outwardly or inwardly, is crucial, since the negation of con-
junctions is different from the conjunction of negations. No challenge has
been made against this endoporeutic reading method.

I claim that this reading method has prevented us from benefiting
from the visual power of the system. My main criticism is that this
method does not reflect visually clear facts in the system. As Roberts
points out in the above quotation, in the cited graph it is true that Q is
evenly enclosed and P is oddly enclosed. However, the endoporeutic
reading does not directly reflect this visually clear fact at all, and what is
worse, it leaves the impression that this visual fact is misleading. To put
this criticism in a more general way, the “endoporeutic” method forces
us to read a graph in only one way. For example, we are supposed to
read off Roberts’ example in the following way only: This graph is a cut
of [the juxtaposition of P and a cut of Q]. However, there is another
possible reading. We might say that this graph has two cuts, with O
enclosed by both cuts and P enclosed by the outer cut only. This reading
is not directly reflected in the endoporeutic reading.

4.2 “Negation normal form” reading

In this section I identify overlooked visual properties and recognize more
syntactic distinctions in EG than on the traditional approach. I do not
introduce new syntactic devices into EG, but only observe significant
visual differences already present in EG. In particular, the discovery that
the system represents conjunction and disjunction visually by different
kinds of juxtaposition undermines the traditional view that Peirce’s
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Alpha system uses only one kind of juxtaposition, that is, juxtaposition
as conjunction. The reading method presented below will always give us
a translation in negation normal form.® I call this translation method the
“NNF reading.”

4.2.1 Conjunctive and disjunctive juxtapositions
I suggest that the following two features be interpreted directly: (i) the
visual distinction between when a sentence symbol is written in an area
enclosed by an even number of cuts and when it is written in an area
enclosed by an odd number of cuts, and (ii) the visual fact that some
juxtapositions occur in an evenly enclosed area and some in an oddly
enclosed area. Recall that the traditional method reflects these features
in the translation not directly but only indirectly: Whatever is asserted in
an oddly enclosed area is translated as a negation of what is asserted in
an evenly enclosed area. In this sense, I claim that the reading method
presented in the current section is more direct than the endoporeutic
method discussed in the previous section.

For the direct interpretation of these features, let us introduce the fol-
lowing definitions:

Definition 4.1 Let X be a subgraph of a Peircean Alpha graph.!© Then
X is in an E-area iff X is enclosed by an even number of cuts, and X is in
an O-area iff X is enclosed by an odd number of cuts.

Definition 4.2 Let X and Y be disjoint subgraphs of a given graph.
Then the juxtaposition of X and Y is an E-jux iff X and Y are juxta-
posed in an E-area, and the juxtaposition of X and Y is an O-jux iff X
and Y are juxtaposed in an O-area.

Let us return to the graph of example 4.1 in the previous section, re-
peated here, to see how these definitions are applied:

@ (@
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The letters P, Q, and R are asserted in an E-area, in an O-area, and in
an E-area, respectively. R and a cut of Q are juxtaposed in an E-area,
and we therefore say that the juxtaposition of these two subgraphs is an
E-jux. On the other hand, the juxtaposition between a cut of P and a cut
of [a cut of Q and R] is an O-jux.

Using these definitions, I will present a translation algorithm based
upon the following two principles. First, for every token of a letter x in a
graph, the translation of the graph contains either ‘x’ or ‘-x” as a basic
component, depending upon whether the token x is written in an E-area
or in an O-area respectively. Second, we translate E-jux and O-jux into
‘A’ and ‘Vv’, respectively.

Before stating the translation algorithm, some definitions are in order.
First, we define the set of Peircean Alpha graphs, %', in the following
way so that our translation algorithm may be defined recursively on this
set.

Set 4’ is the smallest set satisfying the following:!!

1. (a) For every sentence symbol A;, A; and a single cut of A; (we write
‘[A)]’, following Peirce’s linear notation)'? are in 4’
(b) An empty space (we write ‘0s,’) and an empty cut (we write | |’)
are in %', (By empty space, [ mean a blank sheet of paper. By empty
cut, I mean a cut with a blank inside.)

2. If Gisin ¢, then a double cut of G (we write [[G]]’) is also in %'

3.1fGyisin¥%’,...,and G, is in ', and none of Gy,..., and G, is an
empty space,!3 then the juxtaposition of the n graphs Gy, ..., G, (we

write ‘Gy ... G,’) and a single cut of G ... G, (we write [G;...G,])

are also in 4’

Definition 4.3 Graph G is a simple graph iff G is a sentence letter, a
single cut of a sentence letter, an empty space, or an empty cut.

Definition 4.4 Formula x is a simple formula iff x is a sentence letter,
=1y (for a sentence letter y), T, or L.

NNF Reading The following function reads off a simple graph into a
simple formula.
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i. Let A; be a token of a letter in graph G. Then f(A;) = A,, and
f([A]) = A

ii. f(Oyp)=T

i f([]) =1

Now we extend this function f to f to obtain translations of Alpha
graphs.

1. /(G) = f(G) if G is a simple graph

2. f(IG)) = f(G)

3. f(G1...G) =f(Gi) A - Af(G,)H

4 f(IG1--.Gi) =f([Gi]) v --- v f((Ga])

The first clause reads off the visual fact of whether a sentence symbol
is in an E-area or in an O-area to obtain a simple formula. The second
clause erases any double cut of a graph. The third and the fourth clauses
read off Eqjux and O-jux to obtain conjunction and disjunction respec-
tively. Unlike the endoporeutic reading, this reading does not yield any
nested negation and conjunction. A negation, if any, comes in only as a
simple formula by the first clause.
Let me illustrate how these clauses work through several examples.

Example 4.2 At the beginning of the previous section, we discussed the
following graph, which is translated into ‘=(=P A =(=Q A R))’ by the
traditional reading method:

gD

Function f defined above is applied as follows:

f([[PHIQIR]]) = F([[PID) v F(IQ] R])) by clause 4
=f(P) v f([Q]R) by clause 2
=f(P) v (f(IQ]) Af(R)) by clause 3
= f(P) v (f([Q]) A f(R)) by clause 1
=P v (70 AR) by def. of f
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Since both P and R are written in an E-area, and Q in an O-area, the
translation has P, R, and —Q as its components. Since the juxtaposition
of [P] and [[Q] R] is an O-jux, it is translated into ‘v’, while the juxta-
position of [Q] and R, an E-jux, is read off as ‘A’

Example 4.3 If we have only one double cut as follows, then we will
get the empty space by erasing the double cut by the second clause:

)

Then the function f translates this empty space into “T°.

Example 4.4 We will see how the following double cut is treated:

FAPILI) =F(P) v AU by clause 4
([P]) v £

=f(PHvF()D by clause 2
= f(P) v (L) by clause 1
=—Pv L by def. of f

Example 4.5 Suppose we have an empty cut as follows:

FAPL =F(P) vF([]) by clause 4
=f([P]) v f(0s) by clause 2
= f([P]) v f(0s) by clause 1
=—PvT by def. of f

Example 4.6 Let us test the following complicated looking graph
chosen from Roberts’ examples:1*



68 Chapter 4

According to our new reading method, a double cut may be erased any
time, since nothing could be written between the outside and inside cuts
in the reading process. So, let’s erase all the double cuts of the above
graph to get the following;:

0o

=f(([PORM) v F([P]) v F([[R])) v F([[P[QN)]) by clause 4
— F(PQIR]) v ([P)) v F(R) v F(P[Q)) by clause 2
— (F(P) A F(Q) A FURD) v 7P v F(R)

v (f(P) A f(1Q])) by clause 3
= (f(P) A F(Q) A f(IR])) v £([P]) v f(R)

v (£(P) A f(IQ])) by clause 1
=(PAQAR)vPVvRvV (PA—Q) by def. of f

Very importantly, a graph always gets translated into a sentence in
negation normal form. This is much more advantageous than a sentence
with nested negations and conjunctions. In the next subsection, we will
check whether this direct reading is legitimate.

4.2.2 Semantics

To prove the legitimacy of this new reading, we need to check the fol-
lowing: Given a truth assignment v, the same truth value is assigned to
one and the same graph by both the endoporeutic and the NNF read-
ings. The following definition is in order.
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Definition 4.5 Let v be a function which assigns T or F to each sentence
symbol. Also, v(T) =T and v(L) = F. Then # is an extension of v which
assigns T or F to a formula of a sentential language with =, A, and v:

v(a) = v(a) if o is a sentence symbol, T, or L.
v(to) =T if o(a) =F
=F otherwise
vaAf)=T ifo(e) =Tand 7(B) =T
=F otherwise
vavp)=T ifo(a) =Toro(f) =1

=F otherwise

To make the comparison clear, I will also define the endoporeutic-
reading algorithm in an analogous way to the NNF-reading algorithm f
presented in the previous subsection.

Endoporeutic Reading The following function % reads off a sentence
letter or an empty space:

i. Let A; be a token of a letter in graph G. Then h(A;) = A,.
ii. h(0yp) =T

Now we extend this function b to b to obtain translations of Alpha

graphs.

1. h(G) = h(G) if b is a sentence symbol or an empty space
2. b([G]) = —h(G)

3. h(Gy...G,) =h(G1) A - AB(G,)

With the two functions f and b for different reading methods, we define
two semantics in the following way:

Definition 4.6 Let G be an Alpha graph, and v be a truth assignment.
Then,

U':fG iff 17(
vE, G iff #(h(G) =T
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What we want to prove is that these two semantics, |=¢ and }=),, are
equivalent to each other. For this proof, we need to clarify the relation
between graphs G and [G] with respect to |=. In the case of v |5, G,
obviously v k=, G if and only if v £, [G], since h([G]) = =h(G). How-
ever, reading algorithm f is not defined for graph [G] except when G is
a simple graph. Hence, the following lemma needs to be proven:

Lemma 4.1 Given a truth assignment v, for every graph G, v |=¢ G iff

v i [G.

Proof Induction on graphs.

Basis: When G is a simple graph, i.e., a sentence letter, a cut of a sen-
tence letter, an empty space, or an empty cut, it is obviously true.
Inductive step: According to the definition of %', there are three induc-
tive cases.!®

(i) IH: Suppose that v =¢ G iff v £/ [G].

We want to show that v |=¢ [[G]] iff v }£/ [[[G]]].

v G i v G since f([G]) = F(G)
iff v [G] by IH
iff v [[[Gl]]  since f([[[G]]]) = f([G])
(ii) IH: Suppose that vy Gy iff v [Gy],..., and v, G, iff
v ¥ (Gl
We want to show that v = Gy... G, iff v [/ [G1...G,].
vErGr...G, iff vfGy,...,and v | G, bydef.|:fandf
ifft v [Gil,..., and v £ [G,] by IH
iff (((Gi])) =,
and o(f([G n]) =F by def. |=;
iff o(F(Gi)) v - vF(GA) =F by def. o
iff o(f([G1...G,]) =F by def. f
iff v [Gr... .G, by def. |-
(iii) IH: Suppose that vlr Gy iff vl [Gy],..., and v G, iff

v iy [Gal.
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We want to show that v |5/ [G1... G, iff v 4 [[G1...G,]].

vEf[Gr...G,] iff 9(f([Gr...Gu)) =T by def. ¢
iff v/ [Gil,...,orvE[G,] by def. | and f
ifft v Gi,...,orvis G, by ITH
ifft v Gi...G, by def. |=;
iff v [[Gr...G,l] by def. f O

We are ready to prove the equivalence of the two readings:

Proposition 4.2  Given a truth assignment v, for every graph G, v |, G
iff v ):f G.

Proof Induction on graphs.!”

Basis: When G is a sentence symbol or an empty space, it is obviously
true.

Inductive step:
(i) IH: Suppose that v |5, G iff v ¢ G.
We want to show that v |=, [G] iff v |5/ [G].
vE, [G] iff v, G by def. 5,
iff vig G bylH
iff vl [G] by lemma 4.1
(ii) TH: Suppose that v |5, Gy iff v |=¢ Gy,..., and v |5, G, iff v |=f G,
We want to show that v |5, G1...G, iff v 5 G1...G,,.
vE,Gr...G, iff v, Gq,...,and v |, G, by def. |5,
ifft vErGy,...,andv s G, by IH
ifft viErGi...G, by def. |- O

4.3 Multiple readings

In the following, I discuss another important visual feature, called a
“scroll” by Peirce. This feature was discussed by Peirce, but subsequent
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works have not paid much attention to it. In the first subsection, after
exploring Peirce’s discussion on the visual feature “scroll,” I incorporate
Peirce’s idea to present another reading algorithm. In the second sub-
section, I claim that the new algorithm gives us more flexibility in read-
ing off Alpha graphs, and I show why this flexibility yields the most
natural reading method for the Alpha system of EG. The discussion also
reveals important differences among different modes of representation.

4.3.1 Scroll as conditional

When Peirce presented his EG, he provided conventions that tell us how
graphs should be interpreted. His conventions correspond to an infor-
mal semantics of the system. How to interpret juxtaposition and cut are
included, and these two conventions have been adopted in most studies
of EG, as discussed in the first section of the current chapter. However,
it is interesting to notice that Peirce had a separate, third convention for
material implication. Let me introduce Roberts’ presentation of this
convention:

C4 [Convention 4]'8 concerns the way in which EG is to express the conditional
proposition. ... How shall we graph ‘If P then Q’? In order to assert it we must
place it on SA [a sheet of assertion, i.e., a sheet of paper on which a graph is
drawn]. But since ‘If P then Q’ asserts neither P nor Q, we must be careful not
to scribe them on SA. We get what we want by means of what Peirce called a
“scroll”’—*““two closed lines one inside the other” (Ms 450, p. 14), like this:

Q)

... Suppose now that we place the graph QO in the innermost circle, and the
graph P in the outermost compartment, obtaining this graph:

@

Note that we have succeeded in diagram[m]ing both P and Q, yet not on the
surface of SA itself. And we agree to express in this way the conditional propo-
sition de inesse: If P then Q. ... Here then is C4: The scroll is the sign of a con-
ditional proposition de inesse (that is, of material implication) (Ms 450, p. 14).1°

An interesting question is why Peirce had this convention even though
the rest of the conventions are enough to get a correct reading of EG’s
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Alpha graphs. He could have said that the above graph expresses ‘It is
false that [P is true and Q is false]’, and this reading could be obtained
by the other conventions.

Clearly, Peirce’s intention was to get a direct reading of a scroll,
rather than taking a detour through nested cuts and juxtapositions.
Quite surprisingly, the importance of the scroll convention has not been
discussed. Reading off cut as negation and juxtaposition as conjunction
is enough to demonstrate the soundness and completeness of the Alpha
system, which satisfies theoretical curiosity about the system. However,
when we put EG to practical use as a deductive representation system,
the scroll reading adds much more convenience and naturalness not
only to the existing reading method but to our understanding of Peirce’s
transformation rules.

Even though the set of =7 and — is truth-functionally complete, we do
not want to use only cuts and scrolls in reading an Alpha graph. First of
all, many graphs do not have a scroll. In that case, we would have to
introduce a step to draw a double cut, which is a legitimate but awk-
ward process. It is much more convenient and natural to add a scroll to
the existing list of conventions for cut and juxtaposition. The following
example will illustrate this point.

Example 4.7 Reading off cut, conjunctive juxtaposition, and scroll,
graph (1) represents ‘(PAOQAR)— (PAR), graph (2) (P — Q) A P,
and graph (3) ‘(P — Q) A Q.

0 9 e
@)

Therefore, importantly, we know easily that the first graph represents a
tautology, the second modus ponens reasoning, and the third modus tollens.
We put Peirce’s convention for scroll in a more general way:

Reading a scroll Let X and Y be graphs. Suppose that each of them is
translated into « and B, respectively. Then the following graph with a
scroll is translated into (« — f):
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It is clear that reading off a scroll gets us the same result as we get by
using only cuts and juxtapositions, since —1(a A —1f) is logically equiva-
lent to (¢ — B).

Now we are interested in adding this re-discovered visual feature to
the features discussed in the previous sections so that we may obtain the
multiple readings of an Alpha graph. Let us start with a simple example:

Example 4.8 The following graph is translated into the following four
logically equivalent formulas:

1. 7(mR A S) (endoporeutic reading)

2.RvS (NNF reading)

3. °R—>S§ (reading off a scroll [X[S]], where X = [R])
4. .S —R (reading off a scroll [[R]X], where X = [S])

I suggest that different reading methods be combined so that the
reader may be given flexibility in reading off a graph. For this flexibility
to be implemented, I first define the set of Peircean Alpha graphs with
more inductive clauses than we had in the previous sections, and call it
g’

The set 4" is the smallest set satisfying the following:

1. An empty space is in %"

2. Any letter is in 4",

3. If Gisin 4", then a single cut of G ({G]’) is in ¥".

4. If Gy is in 4" and G, is in 4", then all of the following are also in
9" G1 Gy, [G1 G, [G1 [G2]], [[Gh][Gall.

Clearly, the set 4" is equivalent to the set %, in §3.1.1 and to the set
%' in §4.2.1. However, there is an important difference. Recall that how
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Clause 3 Clause 4 Clause 4

@ @ Clause 4
@ Clause 3

S

Clause 2

@ Clause 3

R Clause 2
Figure 4.1

Three possible building histories for the graph in example 4.8.

S

@,

R

Clause 2

Clause 3

Clause 2

S Clause 2
R Clause 2

both %, and %' are defined guarantees a unique building tree for each

graph. However, this new inductive definition does not. Let me give three

possible, but not exhaustive, building histories (among many more) for

the graph in example 4.8 (see figure 4.1).

Based on this new definition of Alpha graphs, another reading method

can be generated.

Multiple-Readings Algorithm Let X and Y be Alpha graphs.

1. If X is an empty space, its translation is T.

. If X is a sentence letter, its translation is X.

2
3. If a translation of X is «, then a translation of [ X] is 7.
4

. If a translation of X is o and a translation of Y is 8, then

(a) a translation of XY is (o A ),

(b) a translation of [X Y] is (—a v ),
(¢) a translation of [X [Y]] (i.e., scroll with X in the outside cut and Y

in the inner cut)?® is (¢« — f3), and
(d) a translation of [[X][Y]] is (x v f).

Let’s see how these clauses are applied through the following

example:
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Example 4.9 Depending upon which form we happen to think the graph
belongs to, different clauses are applied. The following are some of the

possibilities:

(1) This graph has a form of [[X][Y]], where X = R[S] and Y = P[Q].
Then clause 4(d) will be applied. For the translations of X and Y, clauses
4(a), 3, and 2 are applied so that we get R A =S as X’s translation
and P A —Q as Y’s translation. Therefore, by clause 4(d), (R A —S) v
(P A—Q) is a translation of this graph.?!

(i) If we see a scroll in the graph, we consider it as a form of [X[Y]],
where X = [R[S]] and Y = P[Q]. In this case, clause 4(c) is being ap-
plied. Y is translated into P A =Q. For the translation of [R[S]], there
are several choices:

(1) We may apply clauses 4(c) and 2 to get R — S. Then, by applying
clause 4(c) again, we get (R — S) — (P A Q).

(2) We may apply clauses 3, 4(a), and 2 to get (R A —S). Then, by ap-
plying clause 4(c), we get (R A —S) — (P A Q).

(3) We may apply clauses 4(b), 3, and 2 to get =R v S. Then, by ap-
plying clause 4(c), we get (R v S) — (P A Q).

(iii) Again, we see a scroll, but in a slightly different form, [[X] Y], where
X =R|[S] and Y = [P[Q]]. (I will leave details to the reader.)

(iv) This graph has a structure of [X], where X = [R[S]][P[Q]].
That is, we start with clause 3. Again, there are several ways to read
[R[S]][P[Q]]. I leave the details to the reader.

4.3.2 The Multiple Carving Principle

As its name suggests, the Multiple-Readings Algorithm presented above
allows us to translate one and the same graph into more than one sen-
tence. Hence, the method does not guarantee a unique translation. Does
this cause any problem? I claim that it does not. On the contrary, this
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flexibility renders the Multiple-Readings method the most natural read-
ing method among those proposed.

Both the endoporeutic and NNF readings force the reader to read off
a graph in one and only one way, which guarantees a unique translation
of the graph. On the other hand, in many cases, this is not the natural
way of perceiving the graph. If no instruction is given, not everybody
would perceive a graph from outside inwards (the only perception that
the endoporeutic reading allows us to adopt), and not everybody would
pay attention to E-jux or O-jux visual features (the one used by the
NNF reading). Sometimes a scroll might catch our eyes first, etc. We
sometimes mix these different kinds of perceptions. A graph, unlike a
language in a linear system, can be perceived in more than one way,
depending on how the reader happens to carve up the given graph. Let
me call the non-uniqueness of how to perceive one and the same graph
the ‘Multiple Carving Principle’.

I will illustrate the Multiple Carving Principle with the following

graph, used in example 4.9:

How do you perceive this single graph? As Peirce originally instructed
us, some readers might perceive the graph from outside inwards. That
is, the outermost cut would catch the reader’s eye first, a juxtaposition
between two cuts second, etc. Then the endoporeutic reading translates
this graph into the formula ‘“=(—(R A =18) A =(P A —Q))’. On the other
hand, a reader might pay attention to the following visual features: (i)
Both R and P are written in an E-area, while S and QO are in an O-area.
(ii) There are two E-juxs and one O-jux. Then the NNF algorithm
guides her to directly obtain the formula ‘(R A =S) v (P A 7Q)’.

However, these two cases are far from being exhaustive. The graph
may be carved up in many more different ways. Let me illustrate only a
few of them, by highlighting the cuts which catch the reader’s eyes first
(see figure 4.2).22
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Case 1 Case 2

Case 3 Case 4

Figure 4.2
A few possible ways of carving up the graph in example 4.9.

In the first case one perceives the whole graph as [[X][Y]], where X =
R[S] and Y = P[Q]. On the other hand, one might see a scroll first and
perceive this whole graph as [X [Y]], where X = [R[S]] and Y = P[Q], or
as [[X] Y], where X = R[S] and Y = [P[Q]]. These correspond to cases 2
and 3, respectively. Or one might perceive this graph as [X], where X =
[R[S]][P[Q]]. In this case the outermost cut catches the reader’s eye to
provide a different pattern.

The Multiple-Readings method aims to exploit such differences in per-
ceiving graphs. I argue that this reading method, which reflects the Multi-
ple Carving Principle for Peircean graphs, is more natural than any reading
method based on a single way of perceiving a graph.

According to the Multiple Carving Principle, we have different ways
of perceiving one and the same graph. How the reader percieves a graph
determines which way is the most convenient and the most natural
reading for him. For example, in the above example, the reader in the
first case would find clause 4(d) in the Multiple-Readings Algorithm?3
the easiest to start with. On the other hand, if the reader reads off a
scroll first, then clause 4(c) would be the most helpful rule for him.

The Multiple-Readings Algorithm covers all these possible ways of
carving up one and the same graph and allows the reader to choose
whichever way is the most intuitive, and therefore most natural, to him.
This flexibility is lacking both in the traditional method and in the NNF



The Alpha System Reconsidered 79

reading method. Accordingly, I claim that the Multiple-Readings method
based on the Multiple Carving Principle is more natural than either of the
previous methods.

It is interesting to notice that this issue of flexibility does not arise in
a linear symbolic language. On the contrary, a symbolic system is very
careful to prevent multiple readings of a formula, since it would yield
ambiguity. Sentential languages are defined so that each sentence may
have one and only one way of being read off, and the semantics is built
on this unique readability. For example, a string ‘P A Q v R’ is not well-
formed, and accordingly, we do not bother with its semantics. To secure
unique readability, parentheses or prefix notations have been adopted so
that one and only one way of parceling up a sentence is available.

Neither the endoporeutic nor the NNF reading violates this principle
of symbolic languages. Each of these readings defines the well-formed
graphs so that each graph may have one and only one way of being
composed. Each algorithm is based on its own uniquely defined induc-
tive syntactic history. As examined above, there is no theoretical defect
in either method.

However, I have shown that there is no need to keep the unique-
readability principle in the Alpha system. On the contrary, the Multiple
Carving Principle is found in the actual practice of perceiving a graph. It
would be quite unnatural to prevent the reader from carving up a graph
in any way other than how a particular reading algorithm can handle
the graph. Hence, no reading method of graphs based on unique read-
ability can avoid being needlessly arbitrary, in spite of its theoretical cor-
rectness. This is why the Multiple-Readings method is practically more
desirable for graphical systems than other reading algorithms.

This improvement of the reading of Alpha graphs is a prime example
demonstrating the need to identify fundamental differences among var-
ious representation systems and to take different approaches according
to the nature of a representation system. Why has existing work on EG
failed to reflect the Multiple Carving Principle? I argue that this neglect
is directly related to our prejudice for symbolic systems, which has led
us to understand a graphical system in terms of symbolic systems. Both
the endoporeutic and the NNF readings blindly followed the practice
of symbolic languages, i.e., the unique-readability principle, without any
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need to. Only when we became free from unique readability and found a
different principle appropriate to a graphical system did we find a new
and more natural way of understanding EG.

4.4 Transformation rules

With more visual features than are traditionally recognized, we made
the reading of graphs easier, and we will now see that we can state in-
ference rules with a more specific symmetry and can understand them
more intuitively. As stated at the beginning of the chapter, logicians have
been doubtful of the practical use of the inference rules of EG. This sec-
tion examines the main reasons behind this skepticism and reconstitutes
Alpha graphs as a more effective deductive system.

4.4.1 A natural deductive system versus the Alpha system

Why have we strongly preferred natural deductive systems to other sys-
tems (either symbolic or not)? The inference rules of a natural deductive
system are easier to understand and, accordingly, easier to apply than
those of other systems. All natural deductive rules of propositional logic
are built around connectives. The rules instruct the user how to elimi-
nate and how to introduce each of these syntactic objects. This is the
most natural way to manipulate the system’s meaningful units, because
formulas are inductively built out of sentential symbols and connectives.
When inference rules are based on how meaningful units of a system are
built, it is easy for the user to choose an appropriate rule in each proof
step. For example, when a premise is a conjunctive sentence, we know
that the conjunction-elimination rule is needed to use this premise. If the
conclusion is a conditional sentence, we know that the conditional-
introduction rule is needed somewhere in the proof. This is a main rea-
son why natural deductive systems received their name.

What makes the rules of a system natural in this sense is not always
the same as what makes a system efficacious. However, in the case of a
natural deductive system, the naturalness of the inference rules—that the
procedures for manipulating or obtaining a formula is based on how the
formula is composed—clearly adds efficacy to the system: A deduction is
more easily obtained and, accordingly, the system is more efficacious
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than if there were no correspondence between inference rules and the
structure of the system’s units. Interestingly and importantly, in the case
of EG, a syntactic history of how a graph is built does #ot provide us
with the most efficient way to state the rules of inference. The natural-
ness of this graphical system is not the same as the naturalness of a
symbolic system, as we will see soon.

At the same time, the symmetry between elimination and introduction
of each connective has been considered to lend a system a certain ele-
gance. The symmetry itself is not directly related to the efficacy of a
system, even though one might argue that a symmetric way of stating
the rules helps the user to remember them. The crucial issue is what kind
of specific symmetry underlies the system. In the existing Alpha system,
as we will see below, a symmetry is built in. However, I will show that
the existing symmetry does not make EG more efficacious, unlike the
symmetry of a natural deductive system. I will then present a different
kind of a symmetry based on important visual features of EG in the next
subsection.

The inference rules of the Alpha system are summarized as follows:

R1 The rule of erasure Any evenly enclosed graph may be erased.

R2  The rule of insertion Any graph may be scribed on any oddly
enclosed area.

R3  The rule of iteration 1If a graph P occurs on SA [the sheet of
assertion] or in a nest of cuts, it may be scribed on any area not part of
P, which is contained by {P}.24

R4 The rule of deiteration Any graph whose occurrence could be the
result of iteration may be erased.

RS  The rule of the double cut  The double cut may be inserted around
or removed (where it occurs) from any graph on any area.?’

This list of rules seems to be quite simple—only five rules—and keeps a
certain symmetry—erasure versus insertion, and iteration versus deitera-
tion. Why doesn’t this simplicity and symmetry increase the efficacy of
the Alpha system?

I suggest three main reasons for the mismatch between appearance
and reality. First and most importantly, the ‘natural’ of ‘natural deduc-
tive system’ is misapplied here. Peircean scholars might have found a
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similarity between the rules of erasure, insertion, iteration, and deitera-
tion (in EG) and the rules of introduction and elimination of connec-
tives (in natural deduction systems). I claim that this superficial similarity
does not contribute to the efficacy of a graphical system, since a syntactic
history of a graph is fundamentally different from how a formula is
composed out of the basic vocabulary of its system.

A propositional symbolic system defines its grammatical formulas
inductively by functions introducing connectives. Hence, when the rules
are stated in terms of these connectives, it increases the system’s efficacy.
For example, if the conclusion is P A O, we guess we need to introduce
the connective A somewhere in a proof, that is, that the a-introduction
rule is needed. However, this kind of naturalness cannot be useful in the
Alpha system, since a derivational history for an Alpha graph can vary
more than the syntactic history for a formula.

Example 4.10 The example in figure 4.3 shows that a graph can have
more than one derivational history.2¢ Of course, we can define a graph
so that there is only one unique construction for each graph. We have
seen two different ways of defining well-formed Alpha graphs that pro-
duce a unique history of each graph.2” According to those definitions,
record 1 in figure 4.3 is the only legitimate building history for this
graph. But unlike with a symbolic sentence, this uniquely defined history
does not tell us how to obtain the graph. For example, sometimes we

Record 1 Record 2 Record 3 Record 4
Q P Q
@ P (@
©

P

Sl
§e0

Figure 4.3
Several derivational histories of the same graph.
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need to transform the lefthand graph into the righthand graph in the
following:

This transformation, which should be permissible, is not reflected in any
previously defined unique construction but is a step in the history shown
in record 3.

Another reason why Peirce’s rules have not been considered efficient is
that the symmetries built into Peirce’s inference rules are not fine-grained
enough to be useful. The only symmetry these rules exhibit is between
writing and erasing, which occurs in any kind of manipulations of signs,
whether symbols or graphs. Peirce is perfectly aware that this is the only
kind of symmetry present in the system: “All our transformation are
analyzed into insertions and omissions.”?8

Lastly, the user finds the rules redundant, since the iteration and deit-
eration rules partially overlap with the insertion and erasure rules. The
iteration rule says that an iteration of subgraph X is allowed in any area
which is enclosed by the area where X is written. However, if the area
where I need to write X happens to be an oddly enclosed area, we do not
need the condition that another token of graph X is in the same area as,
or an area outside of, this O-area, since the rule of insertion allows that
directly. A mirror image of this redundancy is to be found between the
rule of deiteration and the rule of erasure in the case of an evenly en-
closed area.

I claim that these three problems are closely related to the fact that the
existing rules did not take full advantage of visual distinctions in graphs.
By reading off visual features as much as possible and implementing them
in the rules of inference, we may obtain a certain type of efficacy that a
graphical system can have over symbolic systems. This is the goal of the
next subsection.

4.4.2 The rules reformulated

Replacing Peirce’s simple symmetry—erasure versus insertion, and itera-
tion versus deiteration, I re-present Peirce’s Alpha inference rules with
more specific symmetries built around the visual features of the system.
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Unlike symbolic systems, the Alpha system does not introduce new
syntactic objects for conjunction or disjunction, which is a strong point
of graphical systems over symbolic ones.?? Instead, these two connec-
tives are represented in terms of a very clear visual feature, that is, whether
a juxtaposition between two subparts of a graph takes place in an area
enclosed by an even number or by an odd number of cuts. Therefore, we
could provide another kind of symmetry by relying on the visual dis-
tinction between an E-area and an O-area, which we discussed in the
second section.

While a natural deductive system is natural because the rules are pre-
sented in terms of the history of the formation of a formula, the Alpha
system should not pursue this specific kind of naturalness. To achieve
naturalness in a graphical system like EG, visual facts (rather than a
history of syntactic composition) should be implemented in the system.
A crucial visual feature of EG is whether something is written or erased
in an E-area or in an O-area. Therefore, I suggest a new version of the
Alpha rules in order to base the inference rules of the system on the fol-
lowing fundamental visual features: what we may draw or erase in which
area, be it an E-area or an O-area. This will make the rules natural for
a different reason from why a natural deductive system is natural. This
way of naturalness is related to the efficacy of the system.

Reformulated inference rules3°

1. In an E-area, say area a,
(a) we may erase any graph, and
(b) we may draw graph X if there is a token of X
(i) in the same area, i.e., area a, or
(i) in the next-outer area from area a.3!
2. In an O-area, say area a,
(a) we may erase graph X if there is another token of X
(i) in the same area, i.e., area a, or
(ii) in the next-outer area from area a, and
(b) we may draw any graph.

3. A double cut may be erased or drawn around any part of a graph.32



The Alpha System Reconsidered 8

Table 4.1
Rules 1 and 2 for Alpha graph X
E-area O-area
Erase X X if there is another X

either in the same area
or in the next-outer area

Draw X if there is another X X
either in the same area
or in the next-outer area

The symmetries in the first two rules can be summarized as in table
4.1.

Let us compare the reformulated rules with Peirce’s original rules and
see whether these two sets of rules are equivalent to each other.

My clauses 1(a), 2(b), and 3 correspond to Peirce’s R1, R2, and
RS, respectively. Semantically, these rules correspond to A-elimination,
v-introduction, and the double negation law of symbolic logic, respec-
tively. However, the relations between my 1(b) and Peirce’s R3 and be-
tween my 2(a) and Peirce’s R4 need to be explained.

My rule 1(b) corresponds to only part of Peirce’s iteration rule (R3).
The iteration rule allows us to redraw any graph occurring on some area
either on that area or on any area enclosed by additional cuts. First,
notice that Peirce’s rule of iteration is somewhat redundant, since it
partially overlaps with the insertion rule (R2). The insertion rule allows
us to inscribe anything in an O-area. Therefore, we do not need any
other condition in order to insert something in an O-area. What matters
is what we may insert in an E-area. Rule 1(b) above allows us to draw
another token of X in an E-area, say area #, if a token of X exists in the
area n or in the next-outer area from n, while Peirce’s iteration allows
one to copy X in #n if X exits in 7 or in any outer area. I will show that
my reformulated inference rules cover this important aspect of Peirce’s
iteration rule.

Proposition 4.3 What we may iterate in an E-area by Peirce’s iteration
rule may also be iterated in the E-area by my inference rules.
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Proof Suppose that we may iterate X in an E-area, say area a, by Peirce’s
iteration rule. This means that we can have another token of X in an area
b such that a = b.33 We want to show that under the same conditions we
may draw a token of X in area a by using my inference rules listed
above.

(i) If a is the same area as b, then by the first clause of my rule 1(b), we
may draw X in area a.

(ii) If @ is not the same area as b but is properly contained by b, we need
to consider three different cases. (The other cases are repetitions of these
three cases.)

(Case 1) Suppose that area b (where X exists) is the next-outer area
from area a. Then the second clause of 1(b) may be applied to draw
another token of X in area a.

(Case 2) Suppose that area b is the next-outer area from the area next-
outer to area a. That is, Peirce iteration rule says that in the following
we may transform the graph on the left side to the graph on the right
side:34

By paying attention to whether it is an E-area or an O-area, we proceed
in the transformation by my inference rules as follows:

1.

given
2.

by 2(b)
3.
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(Case 3) Suppose that X is in the area which is once more further out
than in case 2 (i.e., the next-outer area from the next-outer area from
the area next-outer to a). Hence, X is in an O-area this time. We apply
rule 1(b) first, and the rest of the process is similar to case 2.

1.

given
2.

by 1(b)(ii)
3.

by 2(b)
4.

by 1(b)(ii)




88 Chapter 4

by 2(a)(ii)

by 1(a)

Rule 2(a) is the mirror image of rule 1(b), just as Peirce’s deiteration
rule is a counterpart of his iteration rule. Rule 2(a) corresponds to part
of Peirce’s deiteration rule. Again, Peirce’s rule of deiteration is some-
what redundant, since it partially overlaps with the erasure rule.3S We
can show that the important part of Peirce’s deiteration rule, i.e., the
deiteration in an O-area, is not lost in my list of inference rules.

Proposition 4.4 What we may erase in an O-area by Peirce’s deitera-
tion rule may also be erased in the O-area by my inference rules.

Proof This proof is very similar to the proof of proposition 4.3.

4.4.3 The rules reinterpreted

Many have found the meanings of Peirce’s original rules rather obscure.
So the soundness of Peirce’s Alpha system has not been understood at
an intuitive level as the soundness of a natural deductive system has. A
main reason for this difference is that the inference rules for a natural
deductive system are easily understood through the obvious correspon-
dence with the meaning of each connective, but there has been no attempt
at a similar understanding of Peirce’s inference rules. With the traditional
method of reading graphs by using nested negations and conjunctions,
for example, Peirce’s iteration rule is hard to understand. I will show
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that understanding my reformulated inference rules is much easier if we
utilize all the visual features discussed in the previous sections.

The first inference rule has two clauses: Clause 1(a) allows us to erase
anything in an E-area. As demonstrated in the second section, a juxta-
position in an E-area (we called it “E-jux”) corresponds to conjunctive
information. Clearly, erasing a conjunct should be valid. Clause 1(b)
says we may draw X in an E-area when one of the two conditions is
satisfied. This case requires some examination, since adding a conjunct
is not a valid step.

It should be noted that clause 1(b) is quite different from the A-
introduction rule of symbolic logic. The rule of A-introduction allows us
to conjoin previously obtained formulas, that is, combining more than
one piece of information. However, none of the Alpha rules deals with
more than one graph at the same time. Inferences are from one single
graph to another single graph.3¢ The first condition of 1(b) corresponds
to the following inference in symbolic logic: « => (« A «). In the case of
symbolic logic we do not need this copy rule separately, since the reiter-
ation and A-introduction rules together do the job. The second condition
—i.e., if a token of X is in the next-outer area from the E-area where we
want to draw another token of X—is rather complicated. Since a token
X is in the next-outer area from an E-area, it must be in an O-area. We
thus know that we are dealing with a graph with the following scroll as
its subpart:3”

Since a scroll represents a conditional proposition, this subgraph re-
presents a piece of conditional information with X as an antecedent.
Therefore, it is a valid step to infer that X occurs as a consequent as
well. This corresponds to the following symbolic derivation: X — Y =
X — (Y A X). Thus, rule 1(b), i.e., the drawing rule in an E-area, is valid.

There are two main reasons why it is much easier to see the validity of
this rule than the validity of Peirce’s iteration rule. One is that my rule
1(b) cuts off the redundant part of the iteration rule.3® The other is that
we here make use of a re-discovered visual feature, the scroll.
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Rule 2(b) allows us to draw any graph in an O-area. In the second
section we saw that O-jux represents disjunctive information. Hence,
this rule corresponds to adding a disjunct, which is a valid step. Rule 2(a),
however, is not the same as the v-elimination rule of propositional logic.
For the same reason as there is no similar rule in EG to A-introduction,
there is no single inference rule in this system that has the same function
as the v-elimination rule of symbolic logic: The Alpha system trans-
forms one single graph into another single graph. The first clause of 2(a)
is the same as the following inference in symbolic logic: (« v o) = .
This inference is obtained by both the reiteration and v-elimination
rules in first-order logic. The second clause says that we may erase a
token X in an O-area if another token of X is in the next-outer area to
this O-area. That is, in the following, we may transform the graph on
left side into the graph on the right side:3°

Q
Q

According to the reading algorithm of the third section, if « is a
translation of X and 8 a translation of Y, then the part of the graph on
the left side will be translated into (o A (—a v —18)).40 Then from this we
may infer (« A —f8), which is the translation of the part of the graph on
the right side and is obtained by erasing the token X of the inner O-area.
Therefore, this is a clearly valid rule.

The third rule, erasing and drawing of a double cut, is clearly valid,
just as eliminating or introducing a double negation is.

4.4.4 Efficacious graphical systems
Now we will examine in what respect my reformulated rules add to the
efficacy of the Alpha system. Through an example, I will illustrate how
my rules can be more useful than Peirce’s original ones and will show
that this efficiency is analogous to the efficiency that the inference rules
of symbolic logic have, but with a crucial difference.

Suppose we would like to obtain sentence 2 from sentence 1:41

A—=[(CADA—E)v (EAG) (1)
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(AAX) = ([CA—(EAY)] v E) 2)

A natural deductive system is set up conveniently so that it is quite clear
which rules are needed to deduce sentence 2 from sentence 1: Since sen-
tence 2 is a conditional sentence, we need the introduction rule for —.
So, assume the antecedent, A A X, and try to obtain the consequent,
([CA—=(EAY)] vV F). This can be deduced from the consequent of sen-
tence 1, ((C A D A —E) v (F A G)). Since this consequent is a disjunctive
sentence, we try to use the v-elimination rule, and so on. By paying
attention to what kinds of sentences we have (that is, a conjunctive, a
disjunctive, a negative, or a conditional sentence) and what kind of a
sentence we need to obtain, we use either the introduction or the elimi-
nation rule for the appropriate connective.

A process that is similar but different in an important respect occurs
when we manipulate graphs using our reformulated inference rules. For
example, consider these two graphs, which correspond to sentences 1
and 2 above:

(1 2
We compare what we are given, graph (1), and what we aim to obtain,
graph (2). The following visual differences are apparent: (i) X is in an O-
area in graph 2, while it does not appear in graph 1, (ii) G does not exist
in graph 2, while it is in an E-area in graph 1, (iii) Y is in an O-area in
graph 2, while it does not appear in graph 1, and (iv) D does not exist
in graph 2, while it is in an E-area in graph 1. Therefore, the following
manipulations are needed: (i’) X should be drawn in an O-area, (ii’) G
in an E-area should be erased, (iii") Y should be drawn in an O-area, and
(iv') D in an E-area should be erased. All these can be taken care of
easily by looking at what is permissible either in an E-area or an O-area.
Transformation rule 1(a) is applied for both (ii’) and (iv’), and transfor-
mation rule 2(b) for both (i’) and (iii’). By paying attention to which
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kind of an area erasure or drawing needs to take place in, it becomes
clear which rule we need to apply.

Also, this example nicely illustrates another important difference be-
tween the transformation of Alpha graphs and the transformation of
propositional sentences. While the inference from sentence 1 to sentence
2 requires several intermediate lines of proof, graph (1) may be directly
transformed to graph (2) without introducing intermediate graphs; one
needs only to write and erase symbols in some of the areas in graph (1)
itself. The manipulation from the premises to the conclusion is some-
times easier for a user to observe and operate at once in the Alpha system
than in a symbolic natural deductive system.

I would like to make two general points before moving on to the next
section. The work presented in this section may be considered a case
study to illustrate the link between the naturalness and the efficacy of
Peirce’s graphical system. Not surprisingly, the study shows that when
the rules of a system are stated more naturally and intuitively, the effi-
cacy of the system increases.

A more interesting lesson we may draw from the current work is that
the naturalness and the intuitiveness of rules depend on the type of rep-
resentation system to which they belong. In the case of a symbolic sys-
tem, we easily know how the sentences in the premises and the conclusion
are built out of their components. There is no ambiguity in the syntactic
history of each sentence. According to which derivational operations
are used, we choose correct rules of inference. However, in the case of
graphs, as shown in §4.4.1, a building history of each graph is not helpful
in finding the correct rule. First, each graph might have more than one
way of being constructed. Second, how a graph is constructed is visually
not clearly presented in the graph. Third, the Alpha system has very few
syntactic objects, i.e., only letters, cuts, and juxtaposition. If we strictly
applied the principles behind a natural deductive system to the Alpha
system, we would have to limit ourselves to rules formulated around
only these three objects.

For all these reasons, transformation rules based on basic syntactic
objects and building operations are not natural in graphical representa-
tion systems. Instead, naturalness in a graphical system must stem from
visual intuitiveness. In the case of an Alpha graph, whether something is
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written in an E-area or in an O-area is not directly related to the build-
ing operations of a graph, but it is visually apparent. When we compare
a graph given as the premise and a graph we aim to obtain as the con-
clusion, visual differences are immediately observed and lead us to select
the correct rule if the rules are written in the natural way presented here.
Hence, Peirce’s graphical system becomes natural when we take full
advantage of the visual features of the system. This is how to make a
graphical system more natural.

4.5 Sentences versus graphs

So far, I have challenged the following main criticisms of EG: (i) that the
meaning of each graph is not clear, and (ii) that the function of the in-
ference rules is not transparent either. By presenting alternative reading
methods and inference rules, I have undermined the conclusion to which
these two criticisms have led: As a deductive system, EG is not as useful
as first-order symbolic languages. One last challenge I will take up in
this section is to explore whether there is any good reason for us to
prefer EG’s Alpha system to standard propositional languages.

4.5.1 Translation of sentences into graphs

Much work on EG has concentrated on translating from graphs of EG
to symbolic languages. This is the correct direction to take for under-
standing a new system, in this case the Alpha system. However, when
this task is done, if we aim to explore more about the new system, we
cannot be satisfied with the mere fact that all the units of the Alpha
system are understandable in terms of the medium we already have.

In this subsection, I suggest that we reverse the traditional relationship
between formulas and graphs: While we have understood graphs in terms
of formulas, we will here attempt to understand formulas in terms of
graphs. The following algorithm translates sentences into graphs:

The 4 algorithm for translating sentences into graphs Let SS be a set
of sentence symbols, WFF be a set of sentences of sentential logic and %
be a set of the Alpha graphs. We define function 4" as follows:

H 8§ — %, where A (A;) = A,
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Then, we extend this function to " as follows:
A : WFF — %, where

K1 If « is a sentence symbol, then .#"(a) = # ().
K2 A ((=p) =

K3 A ((Bny)=

K(B) K
K4 A((Bvy) =

KS A((p—7)=

K®)

To illustrate how this algorithm works, a few examples are in order.

Example 4.11 Formula (P — Q) is translated into an Alpha graph in
the following process:

by K5 by K1

Example 4.12 Sentence —(P A Q) takes a different process, but
winds up translated into the same graph as in example 4.11:

by K2 by K3 by K2 and K1
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Example 4.13 Another logically equivalent sentence, (—P v Q), is
translated in the following way:

® @ D

by K4 by K2 and K1 by erasure of a double cut

4.5.2 Applications: logical equivalence and NNF

Let me present two kinds of applications for the algorithm, .#, plus the
double cut rule. One is to find logical equivalence among formulas, and
the other is to transform a formula into a negation normal form.

In the examples above, we observed that different formulas can some-
times be translated into one and the same graph,*? which is consistent
with our previous observation that one and the same graph can some-
times be translated into more than one formula. So when multiple syn-
tactically different formulas are translated into one and the same graph,
we know that these formulas are logically equivalent to one another. We
thus can establish the following simple proposition:

Simple proposition Let o and f be sentences, and let G be the graph of
« and G’ be the graph of . That is, # («) = G and %' (8) = G'. If either
G and G’ are the same graph or G and G’ are the same except that we
may transform one to the other by erasing or drawing a double cut, then
o« and B are logically equivalent.

There are several uses we can make of this proposition. To test logical
equivalence among different sentential formulas, we are accustomed to
either setting up a truth table or seeing whether we can deduce one from
another and vice versa. We can now add one more method to this list,
that is, using Peirce’s Alpha system.

Example 4.14 The two sentences P — (Q — R) and (PA Q) — R
are logically equivalent, since we get the same graph for each sentence
(figure 4.4).
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P—(Q-R) (P& Q) -»R

by K5 K(PAQ) by K5

by K5 P Q @ by K3 and K1

by K1

P Q @ by erasure of a double cut

Figure 4.4
Graphs for P — (Q — R) and (P A Q) — R.

Of course, our method is not complete since getting the same graph
(or the same except for double cuts) is a sufficient but not necessary
condition for logical equivalence. We get two different graphs for some
pairs of logically equivalent sentences, e.g., (P A =P) and (Q A =Q).*3

Combining the simple proposition stated above and the NNF reading
method presented in the second section, we can also use Alpha graphs
to transform a sentence into a sentence in negation normal form. After
translating a given sentence into an Alpha graph by the algorithm .7,
we read the graph by the NNF reading to get a sentence in negation
normal form.

Example 4.15 We would like to change the sentence =1((P v Q) A —R)
into a sentence in negation normal form. By algorithm .#" we obtain the
following graph:
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by K2 by K3 by K4 by K2 and K1

KPPy @) KER)

Now we read this Alpha graph according to NNF reading to get the
sentence (P A Q) v R, which is the sentence in negation normal form
for = ((P v Q) A R).

4.5.3 Visual efficiency

Importantly, in the Alpha system we see logical equivalence. It is more
efficient to see that the resulting graphs are the same graph than to find a
deduction sequence from one sentence to the other and vice versa. Ac-
cordingly, some laws in propositional logic, e.g., DeMorgan’s laws and
distributive laws, can be presented more efficiently in this graphical sys-
tem. Also, we obtain a sentence in negation normal form by reading off
the graph of the given sentence, rather than transforming it by using
inference rules. Again, this is more efficient than finding a deduction
sequence.

The efficiencies we have discussed so far can be seen as a more general
advantage of EG over symbolic systems: EG is efficient in that only two
kinds of syntactic devices, i.e., cut and juxtaposition, allow us to express
negative, conjunctive, disjunctive, and conditional propositions, while
propositional languages adopt different syntactic devices for each con-
nective. The fewer syntactic devices a deductive system has, the fewer
inference rules it requires, and accordingly, the simpler the search for a
deduction becomes. However, a symbolic system with only two con-
nectives, though complete, is quite inconvenient. By contrast, EG’s Al-
pha system has fewer syntactic devices than propositional languages, but
without suffering from the inconvenience of a symbolic system with only
two connectives.
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The Beta System Reconsidered

Extensive research has been undertaken on Peirce’s Beta system, which
is equivalent to a first-order predicate language. Both Zeman’s! and
Roberts’2 works are sophisticated treatments of this impressive graphical
system. Zeman’s definition of the set of Beta graphs® and his ingenious
method of translating Beta graphs have become a foundation for those
who work on EG. And Roberts’ classic book on EG has made the sys-
tem much more accessible to us.

However, as pointed out at the beginning of chapter 4, logicians
have doubted that the Beta system, as well as of the Alpha system, have
practical use. In the following, I aim to meet this challenge to Peirce’s
Beta system. To accomplish this, we need to keep three goals in mind:
First, as presented in §3.1.2, I treat Peirce’s Beta system as an extension
of his Alpha system. Hence, the reading method I suggest in this chapter
makes a full use of the visual features uncovered and revived for the
Alpha system in chapter 4. Second, I pay attention to Peirce’s own
motivations behind the Beta system, which we have explored in detail
in §3.3, so that they may be reflected in the new reading method. Third,
I evaluate existing methods carefully with a view to adopting the merits
and improving the defects of each method.

In the first section, I examine two different approaches to the Beta
system of EG: Zeman’s, and Roberts’.# In the second section, I offer a
new reading algorithm which reflects Peirce’s original intuitions for this
system. Inference rules are restated in the third section to make the Beta
system more efficacious.
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5.1 Preliminaries

Two pioneering works have provided methods for reading off Peirce’s
Beta graphs, one by Zeman® and the other by Roberts.® It is important
to notice that Zeman and Roberts accomplished their goal by taking
very different routes, as a result of their different emphases. Zeman aimed
to come up with a formal and comprehensive translation algorithm for
the system. By contrast, Roberts was interested in presenting Beta graphs
at a more informal and intuitive level, which he achieved by a close
reading of Peirce’s manuscripts. We will see how the difference between
these two scholars’ intentions is reflected in their proposed reading
methods.

Before we examine the existing reading methods, I would like to set
up the criteria for a good reading. First of all, as a necessary condition,
the reading should yield a correct result. Second, the algorithm should
be easy to understand and to use. Third, the reading should respect
Peirce’s intuitions about his graphical system, discussed in §3.3. Fourth,
we want the reading method to contain as few exceptions or special
stipulations as possible. At the end of the each subsection, I will evaluate
each reading method by applying these criteria.

5.1.1 Zeman’s reading

It is quite clear that Zeman’s method for reading EG is the most com-
prehensive and systematic one presented so far. Nonetheless, this read-
ing has hardly been put to use. A main reason for this neglect is the
impression that Zeman’s algorithm introduces a new vocabulary and a
rather involved procedure and, as a result, yields a translation that looks
more complicated than the original graph. I believe that this superficial
understanding of Zeman’s reading method has prevented us not only
from appreciating Zeman’s ambitious project but also from focusing on
its merits for a better reading method.

In the following I will reconstruct his entire algorithm to make it clear
where each step is heading. My reconstruction of Zeman’s method also
helps us to understand the motivation behind each step and at the same
time to locate the origins of the existing complaints against this reading
method. T will show that the root of the problem is the fact that Zeman



The Beta System Reconsidered 101

did not build his method to reflect Peirce’s intuitions discussed in §3.3.
Furthermore, we will discover why Zeman did not implement Peirce’s
clear ideas but introduced more vocabulary and obtained a translation
that is more difficult to read.

Zeman’s basic idea, which is ingenious, is to transform a Beta graph
into a quasi-Alpha graph, since an algorithm for Alpha graphs is already
available.” He notices that a main difference between the Alpha and Beta
systems is the use of Lls in the latter, and therefore that transforming a
Beta graph into an Alpha graph requires a process to erase all the LIs of
a Beta graph in a legitimate way. Erasing Lls involves three steps: (i)
Assign a variable to each LI (ii) write a well-formed formula at the end
of each LI, and (iii) erase the LIs. Let’s see how these processes take
place one by one.

When a simple Beta graph is given, step (i), the assignment of a vari-
able to an LI, works in a straightforward way. For example,

b X
@ () Q

Zeman distinguishes between these simple cases in which a “geodesic”
line directly receives a variable and other more complex cases in which
“non-geodesic” lines require special treatment. This is Zeman’s defini-
tion for “geodesic” lines:

We shall call a LI “geodesic” between two points on the SA [sheet of assertion,
i.e., a paper or a blackboard] iff it connects those points, crossing only the cuts
which may be between them, and each of those cuts only once.’

That is, if there is no cut that an LI crosses or if an LI crosses any cut
only once, then it is geodesic. For example, the LIs in the following
graphs are geodesic:

In the third graph, even though the LI crosses two cuts, it crosses each
cut only once.

On the other hand, if an LI crosses one and the same cut more than
once, the line is non-geodesic. The following are examples of non-geodesic
Lls:
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), P —F—a

In the case of a non-geodesic line, the part of an LI between the
crossings of the cut is called a “loop.”° In the above example, the loop
in the first graph is the part drawn outside the cut, and the loop in the
second graph is the part drawn inside the cut. Hence, each non-geodesic
line has at least one loop.

Zeman suggests that each loop be broken into two parts and a tem-
porary predicate, L2, be inserted at this new joint.!! The above examples
become:

12 P £12) Q

Now all the lines are geodesic, and we assign variables to them, as follows:

X

y

One more special treatment is in order: Where three branches meet,
Zeman suggests that we should break this joint as well, use a new pre-
dicate, L?, and assign a variable to each line.!2 For example, the Beta
graph on the left side is transformed into the graph on the right side:

N
lz

Zeman calls these two newly introduced predicates, L? and L°, “a
translation vocabulary.”'3 This is the end of process (i) of variable
assignment, described above.

The next step is to write a formula by using predicates and the varia-
bles assigned in process (i). At each end of an LI, we write a well-formed
formula formed out of a predicate written at the end and variables

assigned to each line hooked to the predicate. Zeman needs to take care
of the special case when no predicate is written at the end of an LI, i.e., a



The Beta System Reconsidered 103

loose end. He suggests that we write another temporary predicate, L', at
a loose end and form a formula with the variable assigned to the line.14
Let me illustrate these processes with the following example:1°

> & G-

Now we are ready for process (iii), the erasure of LIs and temporary
variables, which is the final process for transforming a Beta graph into a
pseudo-Alpha graph. Let’s erase lines from the last graph in the above to
get the following:

This graph just looks like an Alpha graph except that sentence letters of
an Alpha graph are replaced with first-order formulas. Zeman calls these
Alpha-looking graphs X’.1¢ One reads off quasi-Alpha graphs similarly
to how one reads Alpha graphs (on the endoporeutic reading, according
to Zeman): A juxtaposition is translated into conjunction, a cut into
negation, and we proceed from outside inwards. So the Alpha-looking
graph above is translated into ‘—(Px A L'y) A 7 L?xy’.

The next step is to transform a formula into a sentence by adding
existential quantifiers. For this process, it is crucial to write down an
existential quantifier with a variable, i.e., 3x,, in front of the shortest
subformula which contains all the occurrences of the variable x,.17 In
this way we make sure to take care of the scope problem between
quantifier and negation, and achieve a correct result. Following this
rule, we obtain the sentence ‘=3x3y((Px A L'y) A 1 L2xy)’ for the graph
above.

However, the sentence obtained by adding existential quantifiers,
negation, and conjunction might have some of the temporary vocabu-
lary, i.e., L', L? and L’. The final step is to replace L'x, L2xy, and
L’xyz with x =x, x =y, and (x = y A y = 2) respectively. Therefore,
‘= 3x3y((Px A y = y) A 1x = y)’ is the final translation of our example.
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The following is my reconstruction of Zeman’s translation, reflecting
Zeman’s motivations in each step:18
1. Transform a Beta graph, say G, into a pseudo-Alpha graph, say G/,
that is, a graph free of LI’s, thus:
(a) Assign a temporary predicate in the following way:
(i) At a loose end, write L.
(ii) Break a loop and write L? at the broken spot.

(iii) Break the joint where three branches meet and write L at
the broken spot.

(b) Assign a variable to each single LI.

(¢) Write an atomic wff at the end of an LI: At an end with predi-
cate P where n Lls are hooked!® with variables x1,..., and x,
assigned, write Pxy...x,.

(d) Erase LIs and the variables assigned to the Lls.
2. Convert G’ into a formula in the following way:20
(a) If G’ is an empty graph, then it is translated into x = x.
(b) If G’ is an atomic wff, say Pxj...x,, then it is translated into
Pxq...x,.
(¢) If G’ is a single cut of graph X and the translation of X is «, then
G’ is translated into —a.
(d) If G' is Gy...G,, and the translation of Gy is oy,..., and the
translation of G,, is o, then G’ is translated into (aq A -+ A o).
3. Transform this wif into a first-order sentence: For each variable x in
the wff, write 3x in front of the shortest subformula which contains
all the occurrences of x.
4. Remove temporary vocabulary: Replace L'x with x = x, L2xy with
x =y, and L3xyz with (x = y A y = 2).

Let us look at one example to see how these clauses work.

Example 5.1 Figure 5.1 shows the process for obtaining the pseudo-
Alpha graph G’ from the Beta graph G. We then apply the second
clause to obtain the following formula:

—(Px A L’xyz A —(Qy A R2))
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G
P— L By 1(a)(ii)
By 1(b)
Q
Px X132 By 1(c)
G' Px Lxyz By 1(d)
Figure 5.1

Transforming the Beta graph G into the pseudo-Alpha graph G'.

We change this formula into a sentence by adding existential quantifiers
in front of the smallest subformulas:

—3x(Px A 3y3z(LPxyz A 7(Qy A Rz)))

After replacing the temporary predicate L?, we get the following sen-
tence as the final translation of the Beta graph G by Zeman’s reading:

—3x(Px A 3ydz(x = y A y =2 A1(Qy A R2)))

This quite complicated-looking formula is logically equivalent to
‘Vx(Px — (Qx A Rx))’.
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The analysis of this example serves as a starting point for inquiring
why, in most cases, Zeman’s reading is bound to yield a complicated-
looking translation. For the given Beta graph G in the above example,
ie.,

Q 0

let’s compare Zeman’s translation of G, i.e.,

—3x(Px A 3ydz(x =y A y=2 A (Qy A Rz))) (2)
and the following sentence, which is logically equivalent to (2).
Vx(Px — (Ox A Rx)) (3)

The question we are interested in is which formula, (2) or (3), looks
closer to graph G. Even though this is not a well-clarified question unless
the ‘looking closer’ relation between a graph and a formula is defined,
we can try to answer it partially, but intuitively, on the basis of two
striking differences between (2) and (3). One is the number of variables
used in each sentence, and the other is the kinds of quantifiers used in
each sentence. Importantly, these two issues are directly related to the
first two of Peirce’s intuitions presented in §3.3, one about the use of
lines and the other about the distinction between universal and existen-
tial quantifiers. Let us examine these two matters more carefully.

For visual clarity Peirce adopts a line (which is a graphical object) in-
stead of a variable (which is a symbolic object) to represent numerical
identity among individuals. The connection of the endpoints by one line
visually represents the identify of the individuals denoted by those end-
points. Also, one line with branches is more visually perspicuous than
several tokens of one type of variable. There is almost no danger of
missing the continuity of a line, unlike with the scattered tokens of the
same variable type. For example, the line in graph G above has one
connected line with three branches, while the first-order translation (3)
uses three tokens of variable x. Accordingly, when graph G is translated
into sentence (3), this visual clarity is reduced. Even worse, when G is
translated into sentence (2), where three different types of variables, x,
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y, and z, are used, neither identity nor continuity is directly reflected in
the translation. Clearly, Zeman’s reading fails to capture Peirce’s moti-
vation for the use of lines.

In §3.3, I reviewed another novel aspect of the Beta system. Peirce
succeeds in representing every individual and some individual without
using any new additional syntactic object. Universal and existential
quantifiers are represented by the visual fact of whether the outermost
part of a line is in an E-area or in an O-area. When that idea is followed,
since the outermost part of the line in G is in an O-area, the graph G
should be read off as a universal sentence, just as in sentence (3).
Unfortunately, this novelty is not directly reflected in sentence (2). In-
stead, a universal sentence is represented there only indirectly, i.e., as a
negation of an existential sentence. When it is noticed that Zeman’s
reading introduces only existential quantifiers,?! it is clear that this read-
ing does not adopt Peirce’s visual distinction for quantifiers at all.

The failure to follow Peirce’s two intuitions results in sentences with

more variables than needed and with nested negations and existential
quantifiers. The more variables and the more nested negations, the more
difficult a sentence is to read. Nowhere in Zeman’s writing does he ex-
plicitly address why he decided not to implement some of Peirce’s ideas.
For example, Zeman is quite aware of Peirce’s representing different
kinds of quantifiers by using visual features. After citing Peirce’s 4.458
(the passage cited in §3.3.2),22 Zeman positively evaluates Peirce’s visual
representation of existential versus universal quantifiers:
The type of quantification applying to a given line of identify, then, is deter-
mined by examining the line and noting how many cuts enclose the least-
enclosed part of the line. The very interesting feature here is that no explicit sign
for quantification—that is, no quantifier—is required to “get quantification” in
Beta.?3

Curiously enough, however, in his own algorithm, Zeman does not
implement different visual features for the two different kinds of quanti-
fiers at all, and there is no explanation for this decision. Below I attempt
to provide this part missing from Zeman’s work, to reconstruct Zeman’s
rationale behind his reading method, and to evaluate whether it was
worthwhile to ignore the visual distinction for quantifiers that Peirce
explicitly set up.
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The first problem, i.e., the mismatch between the number of lines in a
graph and the number of the variables in its translation, comes from the
fact that Zeman’s reading requires that one line be broken into two or
three lines, depending on whether it has a loop or three branches. By
breaking a line, the algorithm loses the link with Peirce’s intuition about
the use of a line, i.e., that the continuity of a line represents identity. For
example, in the following, the first graph gets only one variable, but the
second one gets two, since the loop will be broken into two lines:

@
@ P

However, both graphs can be translated into an expression with only
one variable: ‘Ix(—Px A 7 Qx)’ for the first one and ‘Ix—(Px A Ox)’ for
the second. As seen at the beginning of this subsection, Zeman treats the
line with a loop as a special case, calling it “non-geodesic.”

Why does Zeman believe that this non-geodesic line is special and
should be broken into two parts? The non-geodesic line in the graph on
the right side in the example above does not need to be translated into a
sentence with two different variables. On the other hand, Zeman is cor-
rect that some non-geodesic lines require this kind of special treatment.
For example, the line in the following has a loop:

P
Q

This graph means ‘Ix3y(x # y A Px A Qy)’, which cannot be expressed
with one variable, since the existence of two distinct objects is part of
what the graph expresses. If we assign one variable to one line, there is
no way to represent two distinct objects, since this graph has only one
line.

Therefore, Zeman’s intuition that we need a special treatment for
non-geodesic Lls is partly correct: Some non-geodesic cases have to be
treated differently from geodesic cases, but not all of them have to be.
Zeman could have made a more fine-grained distinction among non-
geodesic lines. Or instead of a distinction between geodesic and non-
geodesic, Zeman could have adopted a different distinction, that between
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a line to which we may assign one variable and a line to which more than
one variable is assigned. His geodesic and non-geodesic distinction was
not the most useful one that could be drawn here. This problem will be
remedied in the new reading I will suggest in the next section.

The second noticeable problem with Zeman’s reading is that a trans-
lation usually turns out to be a sentence with nested negations and exis-
tential quantifiers. No universal statement is obtained directly. As seen
above, Zeman knew that Peirce’s system directly represents everything
by drawing the outermost part of an LI in an O-area. Why, then, didn’t
Zeman write down a clause for this representation? Two explanations
are plausible.

One possible explanation is that Zeman’s algorithm requires that LIs
be erased in the middle of the reading process. After lines have been
erased, it is not easy to use the visual feature of whether the least en-
closed part of a line is in an E-area or an O-area. Hence, Zeman chose to
obliterate the clear visual representation of universal quantification in
the system.

However, there is a more fundamental reason than LIs’ being erased.
Even if Zeman left lines until the end, he would not have used the visual
difference which indicates either every or some individual, because his
algorithm adopts the endoporeutic reading method. After converting a
Beta graph into an Alpha-looking graph, Zeman reads off the pseudo-
Alpha graph by Peirce’s endoporeutic reading.2* That is, when a graph
has cuts, the interpretation “proceeds inwardly.” Thus, Zeman’s failure
to read off a clear visual feature of LIs as either a universal or existential
quantifier is directly related to the defect of the traditional reading of the
Alpha system examined in the previous chapter.

For example, the first graph in the following is interpreted to be the
negation of the second graph:

Hence, after we interpret the second one to be ‘Ix(—Px A =Qx)’, we
write a negation in front of this sentence to get the interpretation of the
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first graph, ‘73x(—Px A 7 Qx)’. Notice that for the interpretation of the
second graph, we use Peirce’s idea that an identity line with its outer-
most part being evenly enclosed represents some individual. However,
for the interpretation of the first graph, there is no occasion in Zeman’s
scheme to read off the visual fact that the least enclosed part of the line
is in an O-area. Instead, the condition ‘the shortest subformula’ in the
third clause of Zeman’s algorithm becomes crucial.?> If we ignored this
condition, we would get a wrong translation ‘Ix—(—Px A = QOx)’, while
‘“m3x(—Px A Qx)’ is a correct one. Hence, according to the endo-
poreutic reading built into Zeman’s algorithm, we never get the read-
ing Vx(Px v Qx)’ directly from the first graph, but only after using
DeMorgan’s laws on a sentence with nested negations and existential
quantifiers.

This problem is not unique to Zeman’s reading, since Peirce’s endo-
poreutic reading for Alpha graphs has been accepted by all the literature
on this subject. As long as a cut of a graph is interpreted as the negation
of the interpretation of the graph, Peirce’s insight about the representa-
tion of existential versus universal statements has no room to be applied.
While Peirce’s insight leads one to a direct reading of every or some,
the endoporeutic reading leads one to read off quantification indirectly.
Therefore, Peirce’s discussion of direct representation of different quan-
tifiers can be easily implemented in my direct reading method presented
in §4.2 (one which uses two kinds of juxtaposition) or my multiple
reading method in §4.3 (one which uses scrolls in addition to two jux-
tapositions) but not in the traditional indirect readings.

Now let us evaluate Zeman’s reading method against the four criteria
we set up at the beginning of the section. This reading clearly passes the
necessary condition for a reading, i.e., that it get correct results. I suspect
the fourth criterion, the presentation of a comprehensive method with-
out exception rules, is, in fact, the main goal of Zeman’s method, and he
is successful in that project. Every Beta graph may be translated into a
first-order sentence in a uniform way. On the other hand, the efficiency
of a reading method, the preservation of a similar structure between a
given graph and its translation, and faithfulness to Peirce’s main ideas
were secondary in Zeman’s project. Even though it can be a subjective
matter to tell how easy a given reading method is, the general consensus
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is that Zeman’s method is not easy enough to be used popularly. Above
all, as T explained above in detail, Zeman’s method clearly fails the third
criterion, the implementation of Peirce’s own motivation for Beta graphs.
As a result, this reading method does not take full advantage of the
iconic aspects of EG.

5.1.2 Roberts’ reading

Don Roberts’ important contribution to this subject has caused Peirce’s
EG to be more widely known than it otherwise would be. In this sub-
section I will focus on Roberts’ work about how to read off Beta graphs
of EG.

Roberts’ approach is quite different from Zeman’s. While Zeman is
mainly interested in a formalized and generalized way of presenting the
Beta system, Roberts aims to introduce this system in a more intuitive
and informal way. Roberts explains informally what LIs are supposed to
mean in the system and how quantification is expressed on the basis of
Peirce’s own conventions. With these informal explanations, Roberts
shows us how to read a Beta graph.

A dot on a sheet of paper can be spread into a line. Roberts says “EG,
thus, combines in one symbol [dot or line| the sign of individuality and
the sign of quantification.”2¢ The following three of Peirce’s conventions
address how this one syntactic device performs what two syntactic
devices of a first-order language, quantifiers and variables, do:

C6 The scribing of a heavy dot or unattached line on the sheet of assertion
denotes the existence of a single, individual (but otherwise undesignated) object
in the universe of discourse.

C7 A heavy line, called a line of identity, shall be a graph asserting the nu-
merical identity of the individuals denoted by its two extremities.

C8 A branching line of identity with #» number of branches will be used to ex-
press the identity of the n individuals denoted by its # extremities.?”

One heavy dot is one of the smallest units of the system and cannot be
analyzed further. It states the existence of an object, but no property
is asserted about the object. Strictly speaking, there is no syntactic unit
corresponding to a non-sentence formula of first-order languages.?® This
graphical object, the dot, has a great advantage in representing individ-
uals. By spreading it into a heavy line and also into a line with many
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branches, without losing numerical identity, this line can be connected
to more than one predicate, according to C7 and C8. Even though it
sounds complicated verbally, when we see a line, it is visually clear that
one and the same individual with three kinds of properties is mentioned
in the following:
R @ R '—C a
R

Roberts tells us to read off LIs in this most natural way. There is
no breaking point for a branch, as Zeman’s reading would have it. If
Roberts had attempted to use variables, he would have said that one
type of variable is given to one network of LIs. There would be no pro-
cess corresponding to the three clauses under 1(a) of Zeman’s algorithm.
Roberts would not divide one network of LIs or bring in temporary
vocabulary.

Now it is time to recall why Zeman adopted the clauses in 1(a).
Zeman thought that if one variable is assigned to one network of LlIs, a
line with a loop would lead to the wrong result. However, as we saw at
the end of the previous subsection, a line with a loop does not always
get an incorrect result, only sometimes. Therefore, we concluded that
Zeman went too far to include all those cases and ended up making
many simple cases more complicated. In the case of Roberts’ reading, we
should ask the opposite question: Does Roberts’ simple way of reading
off identity lines take care of the genuine case of incorrect results that
Zeman was rightly worried about?

To an answer to this question, let me bring back two of the graphs
discussed before:

‘ P

Q
According to Zeman, both cases have a loop, and hence we will have
two variables in each translation. In the first graph, Roberts would em-

phasize that this single line—which might be considered to have three
parts, one outside the cut, the other two inside the cut—should denote
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the same individual. Therefore, we get a correct translation ‘Something
is not both P and Q.’ This translation, ‘Ix—(Px A Qx)’, looks much sim-
pler than Zeman’s logically equivalent translation for the same graph,
‘IxIy(x = y A (Px A Qy))’.

However, the idea that one network of LIs (Peirce calls it a “liga-
ture”)?® denotes the same individual does not work in the graph on
the right side. Even though all three parts (two outside the cut and
one inside the cut) are connected to look like a single line, this graph
is referring to two different individuals. What it represents is the propo-
sition ‘Something is P and something is O and these two objects are
distinct from each other.” Zeman’s reading gives us a correct result,
AxIy(Px A Qy A x = y)’.

In his original discussion, Roberts starts a new paragraph with “One
case involving a line crossing a cut remains to be discussed, the case in
which the line of identity passes entirely through an empty cut [the fol-
lowing graph]:”3°

———

Here is Roberts’ intuitive and informal interpretation for this case:

This device signifies the non-identity of the individuals denoted by the extrem-
ities of the ligature: ‘There are two objects such that no third object is identical
to both.>3!
However, it is not so clear to me how he got the interpretation ‘There
are two objects and they are not identical with each other.’32

In his later work, Roberts, in a separate subsection entitled ““‘Special

33 presents several graphs as exceptions to the simple denotation

Cases,
relation between a single line and a single individual, and stipulates spe-
cial readings for each of them. The graph in the earlier quoted passage is
one of them, and this time, he gives a more detailed interpretation:
Literally, this [“the graph in which a line passes entirely through an empty cut”]
means “There is an object and there is an object and it is false that these
objects”—denoted by the two unenclosed parts of the line—“are identical.”34

Peirce himself treated this case in one of interpretational corollaries:

Interpretational Corollary 7 A line of identity traversing a sep [cut]
will signify non-identity.3>
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By using the word ‘corollary’, Peirce implies that the reading for this
case follows from his conventions. However, since it is not so clear how
to deduce this corollary from Peirce’s conventions, Roberts felt a special
stipulation to be necessary. This is Roberts’ way of avoiding Zeman’s
temporary predicate L2,

How about the temporary predicate L3? We have seen the case where
Zeman’s L? introduction of three variables results in a complicated
translation, while the intuitive idea about an LI would introduce just one
variable.3¢ Zeman’s awkward-looking choice comes from a correct re-
alization that it is not always the case that we can introduce one variable
for a network of LlIs. Suppose that the joint part of three branches is
enclosed by a cut:

¥

Again, Peirce’s conventions, and likewise Roberts’ reading, which
relies on Peirce’s conventions, do not guide us clearly as to how to in-
terpret this graph. Both readings give us the rather ambiguous English
sentence ‘Three individuals are not all identical.’3”

How does Roberts avoid having another of Zeman’s temporary pred-
icates, L'? I do not see how Roberts’ informal reading guides us in how
to read the following simple-looking graph, for which Zeman would in-
troduce L!:

\@

Instead, Roberts discusses the following graph as one of the special cases:

S

His interpretation is “There is something, and it is false that there is
something else non-identical to it,” that is, “Something is identical with
everything.”38 It is not clear how this reading is obtained. On the other
hand, Zeman’s reading will go through the following processes:
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So we obtain the reading, ‘Ix[x = x A 73Jy(y = y A =(x = y))]’, which
is logically equivalent to ‘IxVy(x = y)’.

Thus, Roberts’ reading implements Peirce’s main idea behind the use
of identity lines to get a simple and intuitive reading, but this intuitive
reading does not seem to cover all the cases. Therefore, some graphs
need to be treated as special cases. The method can hardly be an ideal
algorithm if we need stipulations whenever we run into a graph whose
reading the intuitive method fails to obtain. First of all, there is no way
to tell whether all exceptional cases are covered under the several different
stipulations. Also, it is not easy to confirm whether a reading obtained
as a special case is correct or not when we do not have a comprehensive
formal algorithm.

There is a good example to illustrate this problem. Roberts himself
presents the following graph for the proposition ‘Every mother loves
some child of hers’:3?

aaei—

~~——

However, the graph expresses the sentence ‘Vx3y(MotherOf(x,y) —
Loves(x, y))’, which is not equivalent to the English sentence ‘Every
mother loves some child of hers.”*0 Roberts himself reads off this graph
very simply, but unfortunately incorrectly:

Let i be the individual denoted by the line of identity at the left (the mother), and
j be the individual denoted by the line of identity at the right (the child), and
read the graph as follows: ‘Take any individual you please, say i, there is an in-
dividual j, such that if 7 is a mother of j, then i loves ;.41

This error is understandable, since Roberts does not have a complete
algorithm against which to check his reading for this graph.

On the other hand, on Zeman’s reading method, after the following
quite complicated processes in figure 5.2, we get the reading —3x3y-
[x =y A—3udv(u = v A 7(MotherOf(x,u) A —Loves(y,v)))], which is
logically equivalent to Yx3y(MotherOf(x, y) — Loves(x, y)). Then, we
would know that this graph is not a correct translation for the English
sentence ‘Every mother loves some child of hers.’
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aaei

~~——

x mother of u

Figure 5.2
The transformation of the graph that Roberts suggests for ‘Every mother loves
some child of hers” on Zeman’s reading method.

Roberts has been faithful to Peirce’s intuition for identity lines, which
leads him to two related kinds of trouble. One is that the method needs
to stipulate exceptional cases, and the other, which is even more serious,
is that the lack of a systematic reading method makes an incorrect result
hard to detect.

When we move on to Peirce’s visual distinction between universal and
existential quantifiers, we find Roberts to be quite ambivalent towards
implementing it. Interestingly enough, Roberts is fully aware of Peirce’s
idea about this distinction and discusses it in detail,#> and sometimes
Roberts implements the distinction in reading off a graph.#3 In general,
however, Peirce’s visual distinction between two kinds of quantifiers is
hardly used in Roberts’ reading method. Instead, as on Zeman’s reading
method, a line whose outermost part is enclosed in an O-area is read as
a negation of an existential quantifier. Again, as with Zeman’s method,
we obtain a nest of negations and existential quantifiers.

Roberts’ ambivalent attitude toward a visual distinction between two
kinds of quantifiers is illustrated very well in his reading of the following
two graphs. This example will also show us how a reading can become
cumbersome when it relies on unclarified intuitions rather than specific
guidelines.**
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is Catholic
adores — is a woman

(1 @)

Roberts uses Peirce’s visual distinction between the two kinds of quan-

adores is a woman

tifiers for translating graph (1):

According to C7,45 this [having two disconnected lines of identity] means that
Fig. 10 [graph (1)] refers to two individuals. And according to the method of
interpretation discussed above, the line whose outer extremity is once (and
therefore oddly) enclosed refers to every individual described as catholic; and the
line whose outer extremity is twice (and therefore evenly) enclosed refers to some
individual described as an adored woman.... Fig. 10 [graph (1)] can therefore
be read as follows: ‘Every catholic adores some woman.’#¢

However, when he reads off graph (2), this visual distinction does not
play any role at all:

What about Fig. 11 [graph (2)]?... Consider first the graph which would result
from Fig. 11 [graph (2)] if the outer cut were removed:

is Catholic
s a woman

This means ‘There are two individuals; one is a catholic and the other is a
woman; and it is false that the catholic adores that woman’. In other words,
‘There is some catholic who does not adore some particular woman’. Now if we
restore a cut to obtain graph (2) again, and begin our interpretations (endopor-
eutically) at the outermost part of the graph, it reads as follows: ‘There is some
woman and it is false [that is the force of the restored outer cut] that some
catholic does not adore this woman’. The second part of this reading, ‘It is false
that some catholic does not adore this woman’, is a denial of an O proposition,
but this is equivalent to the assertion of the A proposition ‘Every catholic adores
this woman’. Therefore graph (2) may be read ‘There is a woman whom every
catholic adores’.#”

There is an inconsistency between Roberts’ readings of graph (1) and
graph (2) in these quotations. In graph (1), Roberts utilizes Peirce’s dis-
tinction between universal and existential quantifiers and reads off a
scroll directly into a conditional form, while he ignores both of these
principles for reading graph (2). Instead, he first reads off a graph
without the cut of graph (2) and then negates that interpretation. An
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interesting question is why Roberts gave up a seemingly better method
(adopted for the reading of graph (1)) when he was reading graph (2).
We can rather easily read off graph (2) in a way similar to that for
graph (1). The line whose outer extremity is not enclosed by any cut
(and therefore evenly enclosed) refers to some woman. And the line whose
outer extremity is once (and therefore oddly) enclosed refers to every
Catholic. By Peirce’s ordering of lines, we should first read the line
whose outermost part is enclosed by no cut. Therefore, we read ‘There is
some woman whom every Catholic adores.” T suspect that Roberts was
not sure whether we can read off a scroll from graph (2), since the line
which connects ‘adores’ and ‘is a woman’ does not fit in scroll form. On
the other hand, Roberts perceived a scroll in graph (1). I claim that the
lack of a systematic algorithm in Roberts’ reading method explains his
two different ways of handling graph (1) and graph (2).

Let me sum up the evaluation of Roberts’ reading method against the
four criteria I set up at the beginning of the section. Clearly, Roberts
aims to satisfy the second criterion, ease of use. And he also tries to im-
plement Peirce’s intuitions for this graphical system. Hence, Roberts’ in-
formal way to read off graphs seems to be more intuitive and simpler
than Zeman’s. However, the price for this intuitive and simple reading
is that when a graph becomes complicated, it is not clear how to use the
informal reading method. This is why Roberts’ method has to accom-
modate more stipulations or exceptions. At the same time, like Zeman’s,
Roberts’ reading does not always implement Peirce’s intuitions.

5.2 A new reading

In this section I present a new algorithm for reading Beta graphs that
maintains the merits of the existing methods but addresses their defects.
Zeman’s reading is successful in providing us with a systematic way of
reading off Beta graphs, and Roberts’ reading seems to be more intu-
itive. Interestingly enough, but not surprisingly, the merit of one method
seems to be the defect of the other. At the same time, neither of them
implements Peirce’s original intuitions for the Beta system. I attempt to
draw on all these lessons in my new reading method: It will be a sys-
tematic and comprehensive algorithm to translate Beta graphs into
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first-order sentences, but at the same time it will remain intuitive. Most
importantly, the intuitiveness of this new reading is obtained by being
faithful to Peirce’s basic ideas discussed in §3.3. Therefore, this reading
will be free from the defect that the existing methods suffer from, i.e.,
ignoring Peirce’s valuable insights on EG.

For further discussion, let us define a double cut and an LI network

more carefully. In the case of Beta graphs, double cuts need to be
defined in a more complicated way than in the case of Alpha graphs.
Roberts was cautious to define a double cut for the Beta system in the
following way:
A special and important class of scrolls consists of those whose outer area either
is blank or contains only portions of lines of identity which pass from inside the
inner area to outside the outer area. Any such scroll is called a double cut
(DC).48

For our purposes, let me modify this definition slightly without chang-
ing the content. In the Alpha system, there is no syntactic device which
occupies more than one cut. Each token of a sentence symbol, if any, is
written inside or outside a cut, if any. However, in the Beta system, an
LI can cross a cut partially or entirely. In the following example, graph
(1) is a case in which an LI crosses the inner cut entirely but the outer
cut only partially, graph (2) is one in which an LI crosses both cuts en-
tirely, and in (3) the LI crosses both cuts only partially:

N
)

(1) 3)
What is written in the outer area of a scroll determines whether the
scroll is a double cut. If nothing is written in the outer area of a scroll,
then it is a double cut, just as in Alpha graphs. Also, if a portion of an
LI crosses the outer area of a scroll entirely, then a scroll is a double cut.

Hence, in the above, there is no double cut in graph (1), but each scroll
in (2) and (3) is a double cut.

Definition 5.1 A scroll is a double cut if and only if nothing is written
in the outer area of the scroll [i.e., the area between the inner and the
outer cuts] except the portions of LIs which cross the outer area entirely.
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Now we examine more carefully how identity lines are used in the
Beta system. In the following two graphs, a simple identity line says that
something is P and Q (or Some P is O):

P———Q P

.,
Suppose we need to express that something is P, O, and R. In the case of
first-order languages, the use of a variable and the scope of a quantifier

enable us to express one more property about an object which is P and
Q. In such cases for graphs, an LI needs to branch, as follows:

P
Q R
R Q
R
When an object instantiates more than two properties or relations, an
LI branches. Thus, every branch of one and the same LI functions as one
identity line; every branch denotes the same object. We call this con-
nected web of branches an LI network. It should be noticed that a line
of identity is the simplest form of LI network. In the graphs above, each
graph has one LI network, just as a first-order language requires one
type of variable under the scope of one existential quantifier. The fol-
lowing more complex graph comes from Roberts:#°
is a Stagirite
is a Macedonian

g
eaches conquers the world

is a disciple of

is a philosopher admired
by the Church Fathers

is an opponent of

This graph, which expresses the proposition ‘There is a Stagirite who
teaches a Macedonian conqueror of the world and who is at once a
disciple and an opponent of a philosopher admired by Fathers of the
Church’ %0 has three LI networks, and similarly, three bound variables
will be adopted if a first-order language is used.

There seems to be a strong connection between an LI in Beta graphs
and a variable in first-order languages, and we will implement this con-
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nection in our reading method. However, one main difference between
LIs and variables is that an LI denotes an object, while a variable does
not. Also, as we will see in the following, it is not always the case that
one and the same LI network denotes the same object.

Suppose that we translate the proposition that there are a P and a
Q and these two are not identical with each other. The sentence
‘AxIy(Px A Qy A x # )’ is a translation in a first-order language. Two
variables are used under the scope of two existential quantifiers. How-
ever, if we use two Lls attached to predicates P and Q as follows, we do
not obtain what we want:

P —Q

What this graph says is that something is P and something is Q, i.e.,
IxPx A dxQx. That is, this graph fails to express the relation of non-
identity between the two objects. We need to negate the identity relation
without negating property P or Q. Any of the following graphs does the
job:31

=0, Ty o

Therefore, when an LI crosses an odd number of cuts entirely, the gen-
eralization that each LI network refers to the same object is not true. On
the contrary, we need to bring in (at least) two different objects.

If a portion of an LI crosses an odd number of cuts entirely, we say
that line is clipped.>? In the following, only line I3 is clipped. Line /
crosses no cut, [, does not cross any cut entirely, and Iy crosses an even
number of cuts entirely.

/1 12 13 //_\\ 14
N

When a line is clipped, we count the number of the parts (say )

which lie outside the odd number of cuts and say that there are n clip-
pings in the LI network. Each of the following four graphs has only one
LI network, but the LI network in graph (1) is clipped into two parts, in
graph (2) into three parts, and in graph (3) into two parts, by one cut.’3
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- ¥

(1) (2) 3)
In order to take care of clippings, the reading method presented below
breaks the variable-assigning clause, clause 2, into two cases.

New reading algorithm

1. Erase a double cut.
2. Assign variables to LI networks:

(a) If no branch of an LI network crosses an odd number of cuts
entirely, then assign a new variable to the outermost part (i.e., its
least enclosed part) of the LI network.

(b) If a branch of an LI network crosses an odd number of cuts en-
tirely (i.e., an odd number of cuts clip an LI into more than one
part), then

(i) assign a different type of variable to the outermost part of
each clipping of the network, and
(ii) at each joint of branches inside the innermost cut of these
odd number of cuts, write v; = v;, where v; and v; are as-
signed to each clipping (in the above process).
3. Write atomic wffs for the Lls:
(a) For each end of an LI with a predicate, say P, replace P with
Pvy ...v,, respecting the order of hooks,** where vq,..., and v,
are assigned to the lines hooked to P.

(b) For each loose end of an LI i.e., an end without a predicate,
write T.

(¢) For an LI which does not get any atomic wff or T, ie., an
unclipped cycle, write T at the outermost part and at the inner-
most part of the LI.5%

4. Obtain complex wifs: We treat the atomic wifs or T (obtained by the
previous steps) just like sentence symbols in the Alpha system. We
apply the NNF reading of the Alpha system,*¢ substituting sentence
symbols for atomic wifs, to obtain a complex wff. (For this step,
we ignore Lls and the variables assigned to LlIs.’”) We treat them
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like Zeman’s quasi-Alpha graphs.’® Let G be a simple quasi-Alpha
graph.>® The following f is a basic function which translates a simple
quasi-Alpha graph to a simple sentence:

f(G)=ua if G is atomic wff o

f(G) == if G is a single cut of atomic wff
f(G)=T ifGisT

f(G)=—T if Gisasinglecutof T

f(G)=T if G is an empty space

f(G) =—T if G is an empty cut

Now we extend this function f to f to translate a quasi-Alpha graph
into a complex wiff:

(a) f(G) = f(G) if G is a simple quasi-Alpha graph
(b) f([[G])) = F(G)*°

(©) F(G1...Ga) = f(G1) A - A F(Gy)
(d) F([G1-.. Gu]) = F([G1]) v -+ v [([Ga])
5. Obtain sentences: For each variable v; in the wff obtained by the

previous step,

(a) if v; is written in an E-area,®! then add Jv; immediately in front
of the smallest NNF subformula containing all occurrences of v;,%2

(b) if v; is written in an O-area, then add Yv; immediately in front of
the smallest NNF subformula containing all occurrences of v;,63
and

(c) if more than one quantifier, say 2yv1, ..., and 2,v,,°* are added
in front of the same NNF subformula (by clauses 5(a) or/and
5(b)), then the less enclosed v; is, the bigger scope 2;v; gets.

I will illustrate how each clause works through examples. Clause 1
tells us to change the graph on the left to the graph on the right in the
following two cases:



124 Chapter 5

However, neither of the following two graphs has a double cut to be
erased:

- (&

Clause 2(a) respects Peirce’s intuition about identity lines. That is, one
identity line, however it may branch, visually represents a single object.
Clause 2(a) is easily seen to result in the following:

PLCQR x_@ X i\/ e R

But, there is an exception for which this intuition breaks down. This is
what clause 2(b)(i) is about.®> As seen above, there are two clippings in
the LI network in graph (1) below, and there are three clippings in graph
(2), and two clippings in graph (3):

—=—

(1 @) ®)
Clause 2(b)(i) suggests that a different variable be assigned to each
clipping:

P Q
X y X ; X y
N
z
R

As with clause 2(a), it is important for clause 2(b) to assign a variable
to the least enclosed part, since the location of each variable will deter-
mine which quantifier should be assigned. Suppose the following graph
is given:

P— €9

The first cut produces two clippings.®® Two variables, x and y, should

be assigned to the least enclosed part of each clipping. Hence, in the
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following, the graph on the left is correct, while the graph on the right is
not:

When applying clause 2, it is crucial to pay attention to whether a

branch of an LI network crosses an odd number of cuts entirely. In the
left-hand graph below, the LI crosses one cut entirely, while in the right-
hand graph neither of the LIs crosses any cut entirely. Therefore, clause
2 lets us assign variables in the following way:¢7

-

Now let’s consider a somewhat complicated case as follows:

Notice that there is no double cut here, since a branch of the LI network
ends in the outer area of the scroll. Importantly, a branch of this LI
network crosses one cut entirely. We can identify this branch in either
way, and assign variables according to clause 2(b):

- @

To keep track of one and the same unclipped LI network in complicated
graphs, we may write down variables in brackets. For example,

ul [x] X X /ﬁd\[y]}y
X x]

The reason for using brackets is to apply clause 5 more efficiently.®8

Notice that clause 2(b) has one more process, that is, to write down
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v; = vj inside the cut. This identity statement corresponds to the visual
fact that these two clippings are connected with each other inside a cut.
The following are the result of this clause being applied:

Px . nyo

R

Now we can ask whether the distinction between 2(a) and 2(b) is the
same as Zeman’s distinction between geodesic and non-geodesic lines.®®
A difference between Zeman’s distinction and mine becomes clear when
variables are assigned to the following graph:

According to my clause 2(a), since no portion of this line crosses an odd
number of cuts entirely, only one variable will be assigned to this one
connected LI. However, this line crosses one and the same cut more than
once and is, therefore, non-geodesic in Zeman’s terms. Therefore, two
variables will be assigned on Zeman’s method. Clearly, the lines in-
volved in my clause 2(b) (i.e., clipped lines) are always non-geodesic
lines, but not vice versa. Therefore, our reading method will generate
fewer variables than Zeman’s. Also, recall that Zeman requires that any
joint should be broken into three parts. For example, all the following
graphs will receive three variables on Zeman’s reading:

- ) O o &

However, my new reading method assigns only one variable to the first

three graphs, since no portion of any LI network in these three graphs
crosses a cut entirely. There are two clippings in the fourth graph, and
three clippings in the fifth graph. Therefore, two variables will be given
to the fourth, and three to the fifth graph. In many cases, fewer variables
are being generated by my reading method. We expect the difference
in the number of types of variables will lead us to simpler looking first-



The Beta System Reconsidered 127

order sentences as final translations of graphs. This benefit comes from
our effort to implement Peirce’s intuition about the continuity of a line
with as little modification as possible.

Let’s move to clause 3. For each end of an LI network, if there is a
predicate P, then replace this predicate with atomic wff Pv; ...v,, and if
there is no predicate, then write T. The following shows how this rule is
applied:

P Kz Py X <
Q by clause (3) I Qxz 2

Recall that Zeman’s reading also wrote an atomic wff at the end of
an LI. The main difference between his method and this new one is that
Zeman introduced three kinds of temporary predicates at loose ends,
loops, and joints in order to write atomic wifs. My reading algorithm,
by contrast, uses only existing predicates, and for a loose end we write
“T’. Clearly, this difference makes my new reading method much simpler
than Zeman’s.

The next step, clause 4, shows a departure from Peirce’s endo-
poreutic reading, which all the existing methods have followed. As I
discussed in the previous section, the endoporeutic reading prevents us
from implementing Peirce’s visual distinction between universal and
existential quantification. It seems to be quite clear that Peirce, like all
of his followers, never considered an alternative to the endoporeutic
reading. I strongly suspect that this is a main reason why Peirce him-
self did not insist on any systematic reading algorithm reflecting his
own insight on the visual distinction between universal and existential
quantification.

Here I suggest that the endoporeutic method be abandoned and the
visual features for universal and existential quantification be saved.
Instead of the endoporeutic method, I adopt the NNF reading of the
Alpha system, which I introduced in the previous chapter. As argued
before, the NNF reading method uses visual features which the endo-
poreutic method does not. We treat atomic wifs (written by clause 3(a)),
T (written by clauses 3(b) and 3(c)), and identity wffs (written at the
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joints of the branches according to step 2(b)(ii)) as sentence symbols
of the Alpha system. For example, from the following graph, clause 4
obtains the wff ‘Px AQy ARzA(Cx=yvy=zv x=2):

Px @
xy Qy

z

Rz

Step S tells us how to obtain a final sentence out of the complex wif
formed in the previous step, by reading off the visual distinction between
some and all. Let’s recall that in step 2 variables are written at the out-
ermost parts of LIs.”® According to whether a variable is written in an
E-area or an O-area, quantifier 3 or V is adopted, respectively. In the
graph above, since all of the variables are written down in an E-area,
we use three existential quantifiers to get ‘Ix[Px A Iy(Qy A Iz[Rz A
(x=yvoy=zvox =)

The next example requires the use of a universal quantifier. Suppose
that we have the following quasi-Alpha graph by steps 2 and 3:

X X=y\Y
Px Qy X

Rx

Next, function f in step 4 is applied:

f(Px[[x = y]Oy|Rx)

= f(Px) A f([[x = y]Oy]) A f(Rx) by 4(c)
= f(Px) A (f([lx = Y1) v F(IQy])) A f(Rx) by 4(d)
= f(Px) A (f(x =) v f([Oy) A f(Rx) by 4(b)
=PxAn(x=yv-0Qy) ARx by 4(a)

Variable x is written in an evenly enclosed area, and y in an oddly
enclosed area. Therefore, step 5 tells us to introduce quantifiers to ob-
tain ‘Ax[Px A Vy(x = y v 710y) A Rx]’.
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In addition to the choice of 3 or V, we need to pay attention to scope.
Clause 5(c) reflects Peirce’s intuitive idea—the less enclosed an LI is, the
bigger its scope is. In the above example, no subformula gets more than
one quantifier. The following example will tell us how we apply clause
5(c) and clarify the meaning of ‘the smallest NNF subformula’.

Beta Graph by clause 2 by clause 3

We obtain complex wff ‘T A (mFxy v —T)” by clause 4. Next, by
clauses 5(a) and 5(b), we know 3x and Vy need to be added to get a
sentence. Two points should be carefully observed. One is the condition
‘the smallest NNF subformula’, not just the smallest subformula; the
smallest NNF subformula containing variable x is = Fxy, not Fxy. Like-
wise for variable y.”! Both quantifiers need to be placed in front of one
and the same smallest NNF subformula, and we know that the order of
two different kinds of quantifier is crucial, which is the other important
point to finish up the translation. Clause 5(c) draws our attention to
the visual feature of where each variable is written. Since variable x is
written in a less enclosed area than variable y is, we get the sentence
‘AxVy—Fxy’’? as the final translation of the Beta graph above.

Notes 62 and 63 for step 5 are added for the following case:

X

‘T A T’ is what we get by step 4. Variable x is written an E-area. How-
ever, since there is no subformula containing x, no quantifier is intro-
duced. Hence, ‘T A T’ is the final form of the translation of this graph.

Now we will compare this new method with others through several
examples. First, let’s recall the following graph, which was used in the
first section to show that Zeman’s reading is not intuitive:”3
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We have seen step by step how Zeman’s reading guides us to obtain the
reading of this graph as “73x(Px A 3ydz(x = y A y =2 A 7(Qy A Rz)))’,
which is logically equivalent to a much simpler sentence ‘Vx(Px —
(Ox A Rx))’. My new algorithm leads us through the following steps:

—Px v (Ox A Rx) by 4
Vx[Px v (Ox A Rx)] by 5

This reading process is much simpler than Zeman’s. Zeman’s reading
adopts three types of variables, while the new algorithm leads to only
one. Hence, Zeman’s algorithm, unlike the new one, does not read off
the visual fact that this Beta graph has one unclipped LI network (not
three). Also, Zeman’s reading method never reads off the important
iconic feature reflecting the distinction between universal and existential
statements, but rather only produces existential quantifiers. Hence, uni-
versal statements are always expressed as a nested relation between ne-
gation and existential quantifiers. For these reasons, not only is the final
translated sentence rather complicated looking, but also LIs become dis-
pensable, which is why Zeman’s method erases them in the process. This
is quite ironic when we recall that the visualization of identity is one of
the strengths of EG.

Another example I wish to revisit is the following graph, which was
used in §5.1.2 to illustrate how the different goals of Zeman’s and
Roberts’ projects on EG led to different problems:”4

agerive

"
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This graph has no double cut. Also, notice that neither of the two Lls
has any portion which crosses any cut entirely. Therefore, we need one
type of variable for each LI. Using these variables, we replace the two
predicates with two atomic wffs ‘MotherOf(x, y)’ and ‘Loves(x, y):

Then, according to the NNF reading, we get the wif ‘mMotherOf(x, y)
v Loves(x, y)’. Since x is written in an O-area and y in an E-area, the
final reading is ‘Vx3y(—MotherOf(x, y) v Loves(x, y))’. Only two vari-
ables and two quantifiers are introduced for two Lls. The final form
of the translation does not need further manipulation to find a simpler
equivalent sentence.

Recall that the major price that Robert’s reading had to pay for its
intuitiveness is its need to categorize certain kinds of graphs under spe-
cial cases, rather than covering them under a general reading method.”®
Some of his special cases are given in figure 5.3. Under the heading
Special Cases, Roberts gives us the following interpretations of the
above graphs:

- o)
(1) (2)

is husband of

is God
— is a woman
is God

@) (4)

is husband of

Figure 5.3
Examples of graphs that Roberts treats as special cases in his reading method.
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Literally, [graph (1)] means “There is an object and there is an object and it is
false that these objects”—denoted by the two unenclosed parts of the line—*“are
identical.” By means of this graph, we can say such things as “Some woman has
two husbands” ([graph (3)]). [Graph (2)] means “There is something, and it is
false that there is something else non-identical to it”—that is, “Something is
identical with everything.” ... [Graph (4)] expresses the Unitarian theology as
summarized by Whitehead: “There is one God at most.”76

Zeman’s comprehensive reading method does not treat these as spe-
cial cases. After broken points and temporary predicates have been intro-

duced, we obtain rather complicated sentences as the translations of
these graphs:

Ixx=xAdy(x#yAy=y) (1)
Ixfx =x A23y(x #y Ay =) (2)
IxTyx #yAIxTuIv(x=uru=v

A HusbandOf(x, z) A HusbandOf(y,v) A Woman(u))] (3)
—3x3y(God(x) A God(y) A x # y) (4)

According to my algorithm, after applying clauses 1, 2, and 3, the
graphs are transformed into those given in figure 5.4. By clause 4, we
obtain the following complex wffs:

X HusbandOf(x,z
— Woman(z)
HusbandOf(y,z)

y

(3) )

Figure 5.4
Roberts’ special cases as transformed by my reading method.
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TAx#YyAT from (1)
TA(x=yv—T) from (2')
x # y A HusbandOf(x,z) A Woman(z) A Husband(y,z) from (3')
x =y v God(x) v 7God(y) from (4")

Depending on whether variables are written in an E-area or in an O-
area, the last step (clause 35) tells us how to make sentences out of these
wifs. The readings for these four graphs are as follows:

For (1): T AdxIyx#yAT
(Le., at least two things exist.)

For (2): T A (3xVyx =y v —T)
(Le., something is identical with everything.)

For (3'):  3x3y(x # y A Iz[HusbandOf(x, z) A Woman(z) A
Husband(y, z)])
(Le., some woman has at least two husbands.)

For (4"): VxVy[x = y v =God(x) v = God(y)]
(Le., at most one God exists.)

Unlike Roberts’ method, my new reading algorithm covers these cases
without treating them as special. Hence, this reading is more systematic
than Robert’s. At the same time, this new method more easily yields
simpler sentences than Zeman’s. Is it as comprehensive as Zeman’s? Yes,
the equivalence between this reading and Zeman’s can be proven quite
easily. The main idea is to check whether the job of Zeman’s tempo-
rary predicates is done in this new reading without them. According to
Zeman, the temporary predicate L' is written at a loose end and is re-
placed by x = x, while a loose end is filled with T in the new method.
Zeman’s temporary predicate L2 is written at a broken loop, and is later
rewritten as x = y. As discussed, my clause 2(b), which assigns variables
and writes an identity statement x = y inside a cut, writes x = y not for
every loop, but only when a portion of an LI crosses an odd number of
cuts entirely. Even when a loop takes place in an E-area, Zeman’s final
reading will contain the following formula: ‘P(x) A Q(y) Ax = y.77
However, in the new reading, only one variable will be assigned in this
case. Therefore, the corresponding formula will be ‘P(x) A O(x)’, which
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is equivalent to ‘P(x) A O(y) A x = y’. Zeman’s temporary predicate L>
can be explained away in similar fashion. In the previous chapter, we
showed the equivalence between the endoporeutic and NNF readings.
Zeman’s reading, which adopts the endoporeutic method, allows us to
use only existential quantifiers, while our method introduces both uni-
versal and existential quantifiers. However, these two are equivalent,
since Yx—1P(x) is logically equivalent to =13xP(x).

5.3 Transformation rules

Skepticism toward the Beta system as a practical deductive system has
been even stronger than in the case of the Alpha system. Not only are
Beta graphs more difficult to read off than Alpha graphs, but also the
transformation rules have been considered much more difficult to com-
prehend than Alpha rules. In this section, we find out where this strong
criticism comes from and restate Peirce’s original rules to make the Beta
system more efficacious.

The inference rules of the Beta system are summarized by Don Roberts
in the following way:”3

R1 The rule of erasure Any evenly enclosed graph and any evenly enclosed
portion of a line of identity may be erased.

R2  The rule of insertion Any graph may be scribed on any oddly enclosed
area, and two lines of identity (or portions of lines) oddly enclosed on the same
area may be joined.

R3  The rule of iteration 1If a graph P occurs on SA [the sheet of assertion] or
in a nest of cuts [an area enclosed by cuts], it may be scribed on any area not
part of P, which is contained by {P}.7° Consequently,

(a) a branch with a loose end may be added to any line of identity, provided
that no crossing of cuts results from this addition;

(b) any loose end of a ligature may be extended inwards through cuts;

(c) any ligature thus extended may be joined to the corresponding ligature of an
iterated instance of a graph; and

(d) a cycle may be formed by joining, by inward extensions, the two loose ends
that are the innermost parts of a ligature.

R4 The rule of deiteration Any graph whose occurrence could be the result of
iteration may be erased. Consequently,

(a) a branch with a loose end may be retracted into any line of identity, pro-
vided that no crossing of cuts occurs in the retraction;

(b) any loose end of a ligature may be retracted outwards through cuts; and
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(c) any cyclical part of a ligature may be cut at its innermost part.

RS The rule of the double cut The double cut may be inserted around or
removed (where it occurs) from any graph on any area. And these transforma-
tions will not be prevented by the presence of ligatures passing from outside the
outer cut to inside the inner cut.

The transformation rules for the Beta system are extensions of those
for the Alpha system. Peirce and Peircean scholars extended the trans-
formation rules of the Alpha system by retaining all the names of rules
for the Alpha system and making the content of each rule more compli-
cated in the Beta system with the addition of special instructions about
LIs. For example, Peirce himself added two long notes under the rules of
iteration and deiteration.8? Roberts restructured these notes and wrote
up four clauses after the iteration rule and three clauses after the de-
iteration rule, as seen in the rules above. The main motivation behind
these efforts was to preserve simplicity so that both systems have the
same number of and the same names for the rules. I claim that this way
of handling the rules of the Beta system, in spite of some merits, made
each rule quite complicated and difficult to use.

Through several examples, I will illustrate why it is not always easy
to bring permissible syntactic manipulations of identity lines under the
existing rules for the Alpha system. For example, the transformation
from graph (1) to graph (3) should be allowed:

P—@ —(—) —@

)
According to Roberts’ interpretation, the iteration rule allows us to
change (1) to (2), and the rule of insertion takes care of the transforma-
tion from (2) to (3).

I would like to raise questions about the first of these steps. How is
the iteration rule applied for the transition from graph (1) to graph (2)?
Which part of graph (1) is iterated in graph (2)? Is a line of identity
iterated? Roberts would justify this step by citing the following clause of
the iteration rule:

R3  The rule of iteration 1f a graph P occurs on SA or in a nest of cuts, it may
be scribed on any area not part of P, which is contained by {P}. Conse-



136 Chapter 5

quently, ... (b) any loose end of a ligature may be extended inwards through
cuts.81

The main idea of the iteration rule is that when certain conditions are
satisfied, we are allowed to copy (i.e., reiterate) a certain part of a graph.
However, it is not clear at all why (b), the extension of a line, is a con-
sequence of the iteration rule.

Another point I would like to make is that when the task is to trans-
form graph (1) to graph (3), it is not easy to see that the rule of iteration
should be applied to (1) first since the difference between graphs (1)
and (3) does not seem to be a result of the reiteration of certain part of
graph (1). Therefore, it is rather difficult to choose the correct rules for
this deduction.

Roberts’ presentation of clause R3(b) is a direct translation from the
following passage of Peirce’s note on the rule of iteration:

Note A ... the right to iterate includes the right to draw a new branch to each
ligature of the original replica inwards to the new replica.82

This is not an explanation of an existing rule, i.e., the iteration rule, but
a stipulation of a new rule under the same name so that the rule of iter-
ation in the Beta system may handle more extensive cases than the rule
of iteration in the Alpha system. Theoretically, this decision, like most
other stipulations, is fine. However, from a practical point of view, this
stipulation hurts EG as a useful deductive system: The meaning of ‘iter-
ation’ is not intuitive any more, and accordingly, the iteration rule be-
comes quite difficult to apply. It is much more natural and intuitive to
say that the line of identity in graph (1) is extended, rather than iterated,
inward through a cut to obtain graph (2). Therefore, I suggest that the
word ‘extension’, not ‘iteration’, be chosen for this operation, which
should be separated from the iteration rule.

Further evidence for my main claim that separate rules for Lls should
be stated can be found in the rule of biclosure, R5. Roberts’ version of
this rule is simple as quoted above. This rule justifies the transformation
of the left-hand graph to the right-hand one:83
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However, the simple version of the rule raises some problems. In the
following, Roberts would transform graph (1) to graph (3) (or vice
versa) by way of (2), that is, by applying R5 twice:

—

(1) ) @)

That is, the transformation from (1) to (3) is considered two manipu-
lations of a double cut, not a single manipulation of a line of identity.
This does not reflect our visual intuition about these two graphs at all.
The difference in visual features between graphs (1) and (3) is quite
clear: In one, the identity line ends inside the double cut and in the other
outside it. This visual difference should be reflected in the transforma-
tion rules. If the system forces us to go through graph (2) to obtain (3),
our visual instinct is not respected at all and the graphical system loses
its visual power. This is another clear instance to show that visual
intuitiveness requires a separate rule for identity lines allowing a direct
transformation from graph (1) to graph (3), rather than going through
graph (2).

The real problem with Roberts’ simple way of handling the biclosure
rule is illustrated in the following example:

Example 5.2 According to Roberts’ formulation of the biclosure rule,
we cannot get the transformations between the following two graphs (let
X be any graph):

X

Since graph X is in the outer area, neither graph has a double cut, and
Roberts’ R5 does not seem to apply. As Roberts emphasizes after intro-
ducing the biclosure rule (RS), “the new application of RS is restricted
to cases in which lines of identity only are on the outer area of the double
cut, and where these lines do not terminate on that area but pass all the
way from outside the outer cut to inside the inner cut.”3* The case of
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the two graphs above cannot be handled in Roberts’ restatements of the
Beta rules, and this is a major flaw.

Zeman’s double cut rule is more cautiously stated to handle similar
cases as example 5.2:
Rule 0.11  Any graph may be enclosed by two cuts as in 0.05,%% with the added
provision that lines of identity may pass from entirely outside the outer to en-
tirely inside the inner cut; all they are allowed is “free direct passage” through
the annular space between the cuts.8¢
Zeman’s rule 0.11 seems to involve two different kinds of manipulation:
one for double cuts, and the other for “direct passage” for LIs. How-
ever, what he wants to address are the conditions under which we may
draw a biclosure, not the conditions under which we may extend an LI
With the added provision, Zeman could say that the two graphs in ex-
ample 5.2 are the same graph in that no transformation is required. Be-
cause he lacks a clear distinction between syntax and semantics, Zeman’s
biclosure rule for the Beta system ignores the following visual represent-
ing facts: when an LI terminates inside a cut and when an LI terminates
outside a cut.

Peirce’s original way to state his biclosure rule shows his confusion
between syntax and semantics as well:
Rule 4 Called The Rule of Biclosure Two seps [scroll], one within the other,
with nothing between them whose significance is affected by seps [cuts], may be
withdrawn from about the graph they doubly close.3”
Peirce’s way of stating the biclosure rule has some room for accommo-
dating the transformation in example 5.2 that Roberts’ version lacks.
The significance of graph X in the example is not affected in either graph
since it stays in the same place and the extension of the LI does not
make any change to the meaning of graph X. Hence, if the condition
“nothing between them whose significance is affected by seps” is applied
broadly, then Peirce’s biclosure rule applies to this example. However, it
should be noted that the phrase ‘whose significance is affected’, which is
part of semantics, should not be used in transformation rules, which
should remain strictly syntactic.

Again, this problem arises from a now-familiar source: Peirce and
these scholars did not want to add any new inference rules to the list
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of the Alpha rules. Instead, provisions are added to each rule. Unfor-
tunately, these provisions are either unclear or too far-fetched to be
included under the relevant rubric.

Rather than interpreting ‘drawing’ (or ‘erasing’) in an O-area (or in an
E-area) more extensively for identity lines,®8 I suggest that new rules be
written (preferably in a symmetric form) to show how we may manipu-
late identity lines. My suggestion is consistent with the main idea of
a natural deductive system, that is, that inference rules are written for
each syntactic device of a given system. When the Beta system intro-
duces another kind of syntactic object than in the Alpha system, i.e.,
identity lines, it is natural to expect additional rules for this new syntactic
device.

In the previous chapter I restated the transformation rules of the
Alpha system in terms of E-areas and O-areas, by implementing more
visual features. I will preserve all of these rules for the Beta system without
any modification and will introduce several new symmetric transforma-
tion rules for identity lines. In the case of sentence symbols or cuts, only
two kinds of manipulating options are available: either to erase or to
draw them. However, in the case of LIs, more kinds of syntactic opera-
tions are needed: (i) to extend or retract a portion of an LI through
cuts, (ii) to join or disjoin an LI, and (iii) to add or erase branches of an
LI. The following rules allow these manipulations more easily.

Transformation rules reformulated

NR1 In an E-area, say area a4,

(a) we may erase any graph, and

(b) we may draw an LI or graph X if there is a token of X
(i) in the same area, i.e., area a, or
(ii) in the next-outer area from area a.

NR2 In an O-area, say area 4,

(a) we may erase graph X if there is another token of X
(i) in the same area, i.e., area a, or
(ii) in the next-outer area from area a, and

(b) we may draw any graph.
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NR3 We may extend a loose end of an LI
(a) inwards through cut(s), and
(b) outwards
(i) from an O-area to an E-area,
(ii) from an O-area to an O-area, or
(iii) from an E-area to an E-area unless there is another LI
(A) which is attached to the same predicates,

(B) whose scope is bigger than the LI we are interested in ex-
tending, and

(C) whose outermost part is in an O-area.
NR4 We may retract a loose end of an LI
(a) inwards
(i) from an O-area to an E-area,
(i) from an E-area to an E-area, or
(iii) from an O-area to an O-area unless there is another LI
(A) which is attached to the same predicates,

(B) whose scope is bigger than the LI we are interested in re-
tracting, and
(C) whose outermost part is in an E-area, and
(b) outwards through cut(s).
NRS We may join two loose ends of identity lines
(a) in an O-area, or
(b) in an E-area if the subgraphs to be connected are tokens of the same
type.
NR6 We may disjoin an identity line
(a) in an O-area if subgraphs to be disjoined are tokens of the same
type, or
(b) in an E-area.
NR7 A double cut may be erased or drawn around any part of a
graph.
NR8 We may add or erase any branch of a line of identity without
crossing a cut.
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Table 5.1
Rules NR1 and NR2 for Beta graph X
E-area O-area
Erase X X if there is another X

either in the same area
or in the next-outer area

Draw X if there is another X X
either in the same area
or in the next-outer area

NR9 We may form or break a cycle (closed curve) of a branch of an LI
in the innermost part of the ligature.

The symmetries in the first six rules can be summarized as in tables 5.1
through 5.3.

How I restated the transformation rules not only makes them easy
to use but also easy to understand. Hence, the soundness of the system
becomes more intuitive than before.?® Since we showed the validity of
NR1, NR2, and NR7 in the previous chapter on the Alpha system,”° we
need only to look into the validity of the new rules in the Beta system
which involve the manipulations of Lls, i.e., NR3 through NR6, NRS,
and NROI.

Two crucial visual features of Lls should be noted in the Beta system.
One is whether the outermost part of an LI is in an E-area or in an O-
area, since in the new reading algorithm, this feature determines whether
universal or existential quantification is assigned. The other key feature
is the degree of enclosure of the outermost part of an LI: the less it is
enclosed, the larger its scope is. Keeping these two points in mind, we
check the validity of NR3 and NR4.

Since neither NR3(a), inward extension, nor NR4(b), outward retrac-
tion, makes any change to the outermost part of an LI, there will be no
change either in the kind of quantification assigned to the LI or in its
scope. There are two cases in which NR3(a) may be applied:

1. When an innermost loose end of an LI extends from an O-area to an
E-area. When a loose end is in an O-area, it is translated into = T. Sup-
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Table 5.2
Rules NR3 and NR4 for LIs
inwards outwards
Extend  through cut(s). from an O-area to an E-area,

from an O-area to an O-area, or
from an E-area to an E-area
unless there is an LI
(A) which is attached to the same
predicates,
(B) whose scope is bigger than
the LI we are interested in
extending, and
(C) whose outermost part is in an
O-area.
Retract  from an O-area to an E-area, through cut(s).

from an E-area to an E-area, or

from an O-area to an O-area

unless there is an LI

(A) which is attached to the

same predicates,

(B) whose scope is bigger than

the LI we are interested in

extending, and

(C) whose outermost part is in

an E-area.

Table 5.3
Rules NRS5 and NRé6 for LIs

E-area O-area

Join if subgraphs to be connected yes
are tokens of the same type
Disjoin yes if subgraphs to be disjoined
are tokens of the same type
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pose that there is a graph X inside the E-area into which the loose end is
extended. That is,

LB
by NR3(a)

Suppose that the translation of graph X is «. Then the translation of the

original graph (the graph on the left-hand side) looks like ... =T ... v
..., and the translation of the graph obtained by applying NR3(a)
(the graph on the right-hand side) would be ‘... v [T A a]...”.°1 So this
transformation is valid.

ii. When an innermost loose end of an LI extends from an E-area to an

O-area. That is,

"y
by NR3(a)

The graph on the left-hand side is translated into “... T A ..., while

the translation of the graph on the right-hand is “...—T v —¢’. Again,
this manipulation is valid. NR4(b) is a mirror image of NR3(a).

However, when we extend an LI outwards or retract an LI inwards, it
might alter the following two important representing facts identified
above: (i) whether the outermost part of an LI lies in an E-area or in an
O-area, and (ii) which LI’s outermost part is less enclosed. The line that
might be extended outwards or retracted inwards might get a different
quantification or it might change the scope among the Lls.?2 Again, in
showing the validity of each subclause of rules NR3(b) and NR4(a), the
meanings of E-areas and O-areas play an important role. Since we do
not want to derive a universal statement from an existential statement,
neither NR3(b) nor NR4(a) allows extension or retraction from an E-
area to an O-area. We will look at the details for the other three cases,
i.e., from an O-area to an E-area, from an O-area to an O-area, and
from an E-area to an E-area.”3

NR3(b)(i) allows us to extend an LI from an O-area to an E-area.
Then two kinds of changes may occur in the translation involving the
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LI One is the change from a universal quantifier to an existential quan-
tifier, because of the change in the area where its outermost part ends.
The other possible modification is that the extension of this line might
change the scope relative to other lines. Hence, manipulation by NR3(b)(i)
corresponds to ... Vx...= ...3x... %% .. . Vy¥x... = ... 3xVy...,? or

3yx .. .= ... 3x3y....%¢ We find each case valid. For example, the
following transformations are allowed by NR3(b)(i):

)~ o= €5

NR3(b)(ii) does not change the kind of quantifier assigned to the

extended LI, but it might change its scope. Then the derivation would
be either ... Vy¥x... = ...¥xVy...or...3y¥x... = ...Vx3y.... Either
case would be valid.

However, when we extend a loose end from an E-area to an E-area,
a possible change in scope becomes crucial. For example, no system
should allow the derivation of IyVxLoves(x, y) from Vx3yLoves(x, y).
In the case of the Beta system, we should prevent the extension of an LI
from an E-area to an E-area if the extension overrides an existing
universal quantifier. The three subclauses of NR3(b)(iii) describe the
constraint to block the following invalid step: ...Vy3x...= ... 3xVy....
Hence, in the following, graph (1) cannot be transformed to graph (2),
since there is an LI satisfying three subclauses (A), (B), and (C) of
NR3(b)(iii). On the other hand, we may transform graph (2) to graph
(1) by NR4(a)(ii).

<) &2

(1) (2)
NRS5 and NR6 can be understood to be valid when we recall the
discussion in §4.2.1 about the different meanings of juxtaposition in an

O-area and juxtaposition in an E-area. The processes in NRS5 and NR6
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are quite parallel to those of NR1 and NR2, which is the main reason
why Peirce included both joining and disjoining Lls in his insertion and
erasure rules, respectively.®”

The operation by NR8 may take place without crossing a cut, which
means that there will be no change in the kind of quantifier already
attached to the LI and no change in scope. Thus, it is valid.

Half of NR9 is clearly valid. Since we may join two loose ends in an
O-area and we may disjoin an LI in an E-area, forming a cycle in an O-
area and breaking a cycle in an E-area are valid steps. Since the inter-
pretations of a cycle and a line drawn in one and the same area are
identical with each other, breaking or forming a cycle in one area is a
valid step. Hence, two additional cases need to be examined:

1. Breaking a cycle in an O-area

C@ S :@

The part on the left side is translated into * (T v. 2, and
the part on the right sideis ... (=T v =T v .. ) A So thlS is a valid
process.

ii. Forming a cycle in an E-area

By forming a cycle in an E-area, we transform T A T to =T v T, which
is legitimate.

One more question remains: Are these reformulated rules equivalent
to Peirce’s original rules? I have shown in §4.4.2 that my rules (without
the rules for Lls) give exactly the same results as Peirce intends for his
Alpha rules to do. Now we have to check whether the new rules for Beta
graphs, i.e., NR3 through NR6, NR8, and NR9, cover what Peirce’s
original “extended” rules awkwardly state about manipulating lines of
identities. My new version categorizes rules according to what kinds of
symmetric operations are made to lines—extending versus retracting,
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Table 5.4

Equivalences between Peirce’s rules and my versions

Peirce’s version New version Operations on identity lines
R3(a) NR8 [add] Add a branch

R3(b) NR3(a) Extend a line

R3(c) & R2 [line part] NRS Join loose ends

R3(d) NRO [form] Form a cycle

R4(a) NRS8 [erase] Erase a branch

R4(Db) NR4(b) Retract a line

R4(c) NR9 [break] Break a cycle

joining versus disjoining, adding versus erasing branches, and forming
versus breaking a cycle. The symmetry displayed in my reformulation of
rules is much more pervasive than Peirce’s symmetry between iteration
and deiteration. Table 5.4 is a summary of the equivalences between
Peirce’s original rules and my new versions.

There seems to be no rule equivalent to NR6, disjoining an identity
line. But Peirce’s R1 allows us to erase a portion of a line in an E-area to
disjoin the line. Hence, the transformation from the graph on the left to
the graph on the right is allowed in both sets of rules:

pP——Q pP— —Q

How about the following transformation?

) "~ =P

It is not difficult at all to see that NR6(a) is needed for this manipula-
tion, since the visual difference from the first graph to the second is that
the line has become disjoined. Peirce allows this in a rather complicated
way. None of the clauses under his deiteration rule addresses this spe-
cific manipulation,®® but the rule is defined as follows: Any graph whose
occurrence could be the result of iteration may be erased. No rule of
disjoining a line is specified. Instead, we should consider a hypothetical
application of the rule for joining LIs and reverse it, this rule says. The
manipulations in the two examples above are handled under the same
rule in my set of rules, but not in Peirce’s. Because disjoining a line is a
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clear visual feature common to these two cases, my way of handling the
inference is more efficacious than Peirce’s.

Also, according to table 5.4, there seems to be no rules of Peirce’s
corresponding to NR3(b) and NR4(a). I will show that these two rules
cover the case that led to a question about Roberts’ version of the Beta
system at the beginning of the section. Let’s return to the following
example:

—

(1 () ()

Since there is no rule of Peirce’s that directly allows the transforma-
tion from graph (1) to graph (3),°° the double cut rule, RS, is applied
twice for this transformation. In my new reformulated rules, there is no
need to take a detour through graph (2), since I allow a line to be ex-
tended or to be retracted through two cuts in a row: The extension rule
NR3(b) can be directly applied to graph (1) to obtain graph (3), and the
retraction rule NR4(a) to graph (3) to obtain graph (1). The visual dif-
ference between the two graphs in this example, that is, that the identity
line is extended in the second graph, is the key to selecting an appro-
priate rule.

Before finishing the section, let’s see how my reformulated rules, along
with our new understanding of more fine-grained visual features of the
Beta system, could help us to derive one graph from another more easily
than before. The following pair of logically equivalent graphs is cited as
a “more complex proof” by Roberts.100

o o

(4) ()
As Roberts says, the inference from graph (5) to graph (4) is easier
than the inference in the other direction. The first thing that the reader
would notice is that we need to disjoin the line in graph (5) and retract
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both ends. Hence, all we have to check are the rules for disjoining an
LI in an E-area and for retracting an LI from an E-area to an E-area.
Clauses NR6(b) and NR4(a)(ii) allow these two kinds of operations.

NR6(b)

NR4(a)(ii)

0'd o

A similar approach would not work for the inference from graph (4)
to graph (5). We can extend both Lls in graph (4) to the outermost area
in the graph, but we cannot join two Lls in an E-area. Since we have no
rule to allow the extension of an LI from an E-area to an O-area, each
line in graph (4) ends in an E-area, and since we may join LIs only in an
O-area, there seems to be no way to join these two lines as the graph
stands now. Let’s recall the reading of the following graph schema in
our Multiple-Readings method for the Alpha system:

o
S

According to my new algorithm, this graph represents a piece of dis-
junctive information, either X or Y. Hence, graph (4) means that either
something is F or something is G. What we need to prove is that in either
case we may deduce that something is F or G. The idea is to draw (by
applying rules) the same graph (5) in two areas in which F is written or
in which G is written. Hence, we would like to check whether we can
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derive graph (5) from the following graph, which means that something
is F.
F

First of all, we need to create an O-area in order to draw G with a line
in the graph. When we do not have any token of G, the only permissible
area for drawing is an O-area. So we apply the double cut rule to obtain
the following;:

S

It is tricky to find out which graph we need to draw in the O-area. In the
above, we noticed that we could not directly transform graph (4) to
graph (5) mainly because we could not find a way to make two loose
ends of LIs meet in an O-area. Hence, we need to draw a graph in the
O-area of the graph immediately above satisfying the following con-
ditions: (i) It should have predicate G and an attached line, (ii) it should
have a cut, and (iii) the line should end in the O-area. Therefore, the
following graph is produced by applying NR2(b):

P
—©

Now we apply the extension rule twice, i.e., NR3(b)(iii) for the outward
extension and NR3(a) for the inward extension, to obtain the following

graph:

Q
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NRS5(a) allows us to join the two loose ends to get graph (5). Similarly,
we can also derive graph (5) from the graph that something is G. There-
fore, we know that the following graph is derivable from graph (4):

We then apply the rule of erasure in an O-area (i.e., NR2(a)) and the
rule of a double cut to prove that graph (5) is derivable from graph (4).

In this example, using fine-grained visual distinctions between the graph
that we have and the graph that we aim to get, we searched for correct
rules to apply. We used the meaning of graph (4) given by our Multiple-
Readings method, which operations are permissible in which areas (either
an E-area or an O-area), retraction or extension of Lls, and joining and
disjoining LIs. As shown, my new version of the transformation rules
corresponds to the visual features easily noticeable in inference steps and
makes the user choose correct rules more efficiently.

The revision of the Beta rules confirms the conjecture made at the end
of the revision of the Alpha rules: To add efficacy to a representation
system, one needs to understand the nature of the system, because there
are different ways for different kinds of representation systems to be
natural. Further testing of this conjecture is left for future work.

5.4 Appendix: direct semantics

In one of the most recent works on Peirce’s Beta graphs, Hammer pro-
vides a Tarskian semantics for the EG Beta system.'! Hammer’s work
adopts a different approach from the works we examined in §5.1. Both
Zeman and Roberts focused on how to read off Beta graphs. Since each
of these two readings is written in (or easily convertible into) a first-
order language, Tarskian semantics can be applied afterwards to get the
semantics of the system. By contrast, Hammer applies a Tarskian se-
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mantics directly to the Beta system, not by a detour through a first-
order-language reading. This attempt sounds attractive, since it seems to
suggest a more direct way of understanding the system. After I outline
Hammer’s method with some revisions for clarification, we will see why
a direct Tarskian semantics does not guarantee an easier understanding
of Beta graphs.

Hammer extends the set of Beta graphs to a new set, called the set of
well-formed graphs, by allowing variables to be written in a Beta graph,
and he gives a Tarskian recursive semantics to the extended set. The
motivation for the new extended set of well-formed graphs is expressed
thus:

Peirce did not allow variables to appear in his graphs.... The endoporeutic
method of interpretation, however, suggests that a formal semantics will need to
make use of some sort of bookkeeping device to keep track of the lines already
interpreted.102

Hammer claims that the endoporeutic interpretation requires the intro-
duction of variables to graphs. Why so? Despite the fact that the set of
Beta graphs is defined inductively, its semantics cannot be given recur-
sively on the basis of these inductive definitions. For example, let us
compare the derivational histories of the following two graphs, (3) and

(3):

When we write up the relevant clauses for the history of each graph,
interestingly enough we find the same clauses are needed for both of
them.

1. A line of identify is a Beta graph.

2. If we write a unary predicate P at a loose end of the line of a Beta
graph, then the result is also a Beta graph. (By predicate closure)

3. If we draw a single cut in any subpart of a Beta graph, then the result
is also a Beta graph. (By cut closure)
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A problem arises when we try to provide a recursive semantics for
graph (3) and graph (3’) based upon this inductive clause. How can we
get a correct result such that the first graph is read =73xPx and the sec-
ond 3x—Px? Relying on a syntactic derivational history is not enough,
since the same clauses are applied in the same order to get two graphs
whose meanings are different from each other. We need the semantics to
reflect the scope relation of an identity line, which the simple syntactic
definition above cannot.193 T suspect that Hammer realizes the difficulty
in getting the correct semantics out of a simply written syntactic defini-
tion of a Beta graph. According to the endoporeutic method, we inter-
pret the cut prior to the line in graph (3), while we should interpret the
line prior to the cut in graph (3'). In the latter case, before we interpret
the cut to be a negation, we need to make a record to remind us that
there was a line. Hammer’s idea is to erase lines of identity one by one,
but to keep track of them with variables.1%4 This is what Hammer means
by ‘bookkeeping device’ in the above quotation and is the motivation
behind the following definition of the set of well-formed graphs.105

Definition 5.2 The set of well-formed graphs, say %,, is the smallest set
satisfying the following:
S1 Basic set The following are in %,:

(a) Rxy...x,, where R is a n n-place predicate, and xi,...,x, are
variables.

(b) a line of identify or branching line of identity.
S2  Inductive clauses Let G and G’ be in 4, and x be a variable.

(a) If G has a loose end and x is attached to a loose end, then the result
is also in %,,.

(b) If G is enclosed in a cut, then the result is also in %,.

(¢) If G and G’ are juxtaposed with each other, then the result is also in
in%,.

(d) If x in G is replaced with a line of identity which is drawn outwards
through all the cuts enclosing x, then the result is also in %,.

(e) If G has two loose ends and these are connected, then the result is
also in %,,.
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Now the building histories for the graphs we discussed before are
given in the following way (notice that Hammer’s “bookkeeping de-
vice,” i.e., variables, keeps track of the scope relation):

(3) by S2.0 @ (3) by S2.d
(2) by S2.d (2) by S2.b

Px (1) by S1.a Px (1) by S1.a

Since the original set of Beta graphs, say ¥, is a subset of the induc-
tive set %,, it suffices to define a semantics of %, recursively using this
inductive definition as a basis. I believe this is what Hammer aimed to
do.

Before presenting the semantics, he introduces the notion of the re-
traction of a loose end of a line with a new variable x. The retraction
process is needed to define the semantics of graphs constructed by in-
ductive clause S2.d. In the example above, one should be able to retract
a line both in (2) and (3’) to obtain (1) and (2'), respectively. Hammer
presents an algorithm which substitutes lines for variables.'%¢ The main
idea is to retract lines until the graph is decomposed into some of the
following graphs'%7 or cuts of one of the following graphs (let R be an

n-ary predicate and x, y, 2, x1,...,x, be variables):
Rxy...x,
x y

y
x-—<
z
Suppose that there is no loose end. Then break the line at any part
enclosed by no cut, write one new variable x at both of the just created
loose ends and proceed with the retraction process as follows:

i. If there is a branch, the retraction stops just before the joint.

ii. If one reaches a loop, the retraction stops somewhere within the
cut.
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iii. If one reaches a loose end, the retraction stops just before the loose
end.

iv. If one reaches another variable, the retraction stops just before the
variable, leaving a line between these two variables.

Let us follow Hammer’s notation and let M be a model or interpretation
U, I, where U is a non-empty domain and I is a function for predi-
cates and variables, and MY is the same as M except that x is assigned to
a in the domain by the new model. With these notations, the following
is Hammer’s semantics for set %,:108

Direct semantics Let M be an interpretation.

M1 Rxi...x,is true in M iff <I(x1),...,I(x,)> € I(R).
M2 x —— yistrue in M iff I(x) = I(y).

M3  Graph

y
x—<_
z
is true in M iff I(x) = I(y) = I(z).
M4 [G] (a single cut of G) is true in M iff G is false in M.
MS Gi...G,istrue in M iff Gy,..., and G,, are true in M.
M6 Let G(x) be the same as G except that a loose end enclosed by no
cut of G is retracted by a new variable x. Then G is true in M iff for
some ¢ in the domain, G(x) is true in M7.
M7 Let G(x) be the same as G except that each half of a portion of a

line enclosed by no cut of G is retracted by a new variable x. Then, G is
true in M iff for some @ in the domain, G(x) is true in M.

Let us compare these semantic clauses with the syntactic clauses for
well-formed graphs %,. Two differences are noticeable. One is that no
single semantic clause assigns truth values to atomic graphs defined by
syntactic clause S1.b. A single identity line is a well-formed atomic graph
by syntactic clause S1.b. However, for its semantics, we need to apply
more than one clause, as if it were a non-atomic graph, as follows:
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(1] (2]

P ————— X G (clause S2.a) P————Xx G (clause S2.e)
P ——— G2 (clause S2.d) P — X G'5 (clause S2.c)
Px G1 (clause S1.a) X G'4 (clause S2.a)
- G'3 (clause S1.b)
P— G'2 (clause S2.d)
Py G'1 (clause S1.a)
Figure 5.5

Graph G lacks a unique derivational history.

is true in M
iff for some a, x is true in M7 by M6
iff for some a and b, x —— 1y is true in M) by M6
iff for some a and b, I(x) = I(y) in M) by M2

That is, the semantics for a single line is recursively defined, while it is
atomic syntactically. This is not desirable, but it is not a serious defect.
The second difference is more crucial: There is no recursive clause
corresponding to syntactic clauses S2.a and S2.d. Let me explain why
Hammer has to choose this mismatch through the following example:

Example 5.3 There is no unique derivational history for graph G in
figure 5.5. Obviously, any attempt to give a recursive semantics based
upon this inductive definition would require one to prove that the uni-
queness of the meaning of a graph is guaranteed in spite of this non-
uniqueness of its syntactic history. Rather than proving this proposition,
Hammer makes his semantics independent of his syntax. Therefore,
the semantics of graph G does not reflect either of the above syntactic

histories:

Given model M, G is true in M
iff  G(y) is true in M} for some a by M7
iff Gy and G; are true in M) for some a by M5

iff I(y) e I(P) and I(y) = I(x) in M} for some a by M1 and M2
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P b's G
Py y x Gy

y X G2

Py G1

One more example (figure 5.6) will show the mismatch between syn-
tax and semantics in a more striking way (we will come back to this
example later).

Hammer was aware of this mismatch when he says “The semantic
content of this syntactic operation is, in general, not obvious, but always
involves some element of identifying two variables”1%® at the end of
clause S2.d.119 Rather than revising the syntactic or semantic definition,
Hammer chose to sacrifice parallelism between syntax and semantics.
This choice turns out to be undesirable both from the syntactic and the

syntax semantics
p —@—Q G (S2.e) P —@—o G M7
b Q o Gs (S20) P, @—Q G(x) M7
Q Gs (S2.b) P, @ Q Gy Ms

_ G4 (S2.d)
Q —a G3  Me

Q G3 (S1.a
X (S1.2) Qy Ga(y) M

P__ G2 (S2.d)
S

Py G1 (S1.)
X—y G'2 M2
P — G'1 M6
Py GH(x) M

Figure 5.6
The mismatch between syntax and semantics in Hammer’s system.
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semantic point of view. Hammer’s syntactic definition leaves the reader
puzzled, since examples of its use are not given, and more importantly,
his semantic clauses leave the reader wondering whether they are ex-
haustive or not. The goal of Hammer’s task is simple, but the process
remains unclear.

Since a lack of correlation between (inductive) syntactic and (re-
cursive) semantic definitions makes Hammer’s project fall short, these
should be improved before we evaluate the merit of the project. We re-
place Hammer’s set of well-formed graphs with the set of v-Beta graphs
and revise the semantics so that the semantics is defined recursively on
the basis of the inductive structure of the graphs. This revision keeps
Hammer’s original idea: Give a direct semantics to Beta graphs by ex-
tending Beta graphs to open Beta graphs. However, the main difference
between Hammer’s presentation and my revision is that the syntactic
and semantic definitions of the set of v-Beta graphs (‘v’ for ‘variable’) are
parallel to each other in this proposal, while in Hammer’s they are not.

Definition 5.3 The set of v-Beta graphs %, is the smallest set satisfying
the following:111

1. Let R be an n-place predicate and xi,...,x, variables. Then,
Rxi,...,x, is a v-Beta graph. If R is an identity sign, then we write
X1 = X2.

2. Let G be x; = x,. If G’ is the same as G except that we replace the
identity sign with a line of identity (we write G~ ), then G’ is also a
v-Beta graph.

3. Let G be a graph with variable x. If G’ is the same as G except that
we replace x with a line which extends through all the cuts enclosing x
(we write G* ), then G’ is also a v-Beta graph.

4. Let G be a graph with more than one token of variable x. If G’ is the
same as G except that we connect all tokens of x and the loose ends (if
any) at which x is written, crossing no whole cut, and we erase the x’s
(we write G**), then G’ is also a v-Beta graph.

5. Let G be a v-Beta graph. Then a cut of G (we write [G]) is also a
v-Beta graph.
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6. Let Gy,...,G, be v-Beta graphs. Then, the juxtaposition of all these
n graphs (we write Gp ... G,) is also a v-Beta graph.

The remaining step is to define the semantics. The inductive definition
of the set of v-Beta graphs makes it clear how to define a recursive se-
mantic function. We adopt Hammer’s notation and let M be a model
U, I, where U is a non-empty domain and I is a function for predi-
cates and variables. M is the same as M except that x is assigned to a in
the domain by the model.

Definition 5.4 A graph is defined as true in a model as follows:

1. Rx1,...,x, is true in M iff <I(x1),...,I(x,)) € I(R).

2. Let G’ be G=.. Then G’ is true in M iff G is true in M.

3. Let G’ be G* . Then G’ is true in M iff G is true in M} for some a in
the domain.

4. Let G’ be G**. Then G’ is true in M iff G is true in M7 for some a
in the domain.

5. Let G be [G]. Then G’ is true in M iff G is false in M.

6. Let G’ be G1...G,. Then G’ is true in M iff Gy,..., G, are each true
in M.

This semantics is a mirror image of the revised syntax. Since the
extended set contains Peirce’s original Beta graphs, my revision com-
pletes what Hammer was aiming for: the assignment of a direct seman-
tics to Beta graphs. At the same time, my revision solves the questions
raised about Hammer’s project relating to the mismatch between syntax
and semantics.

Let me illustrate, through the example in figure 5.6, how these im-
provements make the original project easier to accomplish. Graph G in
this example gets the unique syntactic history in figure 5.7. We obtain
the semantics of graph G from the revised semantics as follows:

Given model M, G is true in M
iff Gy is true in M} for some a in the domain by 4

iff G is true in M) for some a and b in the domain by 4
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P —@— Q G (clause 4)

Px @7 Q G7 (clause 4)
Px @ Qy G6 (clause 6)
@ G5 (clause 5)
X—y G4 (clause 2)
xX=y G3 (clause 1)
Qy G2 (clause 1)
Px G1 (clause 1)
Figure 5.7

The unique syntactic history of graph G.

iff

iff

G1, Gs, and G, are true in M} for some a and b in
the domain

G1 and G, are true and Gy is false in M)}’ for some a
and b in the domain

G1 and G, are true and Gj is false in M} for some a
and b in the domain

I(x) e I(P), I(y) € I(Q), and I(x) # I(y) in M} for
some g and b in the domain

for objects a and b in the domain, a € I(P), b € I(Q),
anda # b

159

by 6

by 5

by 2

by 1

Note that there is a one-to-one correspondence between the syntax of G
and its semantics.

Now we move to evaluating the project of giving a direct semantics
to Beta graphs. The similarity between Zeman’s reading and this direct
semantics is striking. First, both approaches decompose a Beta graph by

replacing lines of identity with variables. Second, every identity line is
interpreted as an existential quantifier in both methods. Third, Peirce’s
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endoporeutic reading is adopted by Hammer as well as by Zeman.
Therefore, two of the criticisms made against Zeman’s reading in §5.1.1
of this chapter apply to Hammer’s method as well. One is that the visu-
ality of identity lines disappears, and the other is that Peirce’s visual
distinction between existential and universal quantifiers is not used at
all. On the other hand, Hammer’s method is not as rigorous as Zeman’s.
In the case of branching lines, Hammer’s algorithm for retracting lines
with variables does not seem to be as clear as Zeman’s.

Let us compare Zeman’s and Hammer’s analyses for the following
graph (call it G):

s

Zeman’s algorithm clearly gets us the following result:

Vv Q

p X LS /z
R

This result is read ‘Ix3yIz(Px A Qy ARz Ax =y A y=2). We found
the result undesirable, since it turns a single network of lines into three
different variables. Hammer’s semantics does exactly the same thing, but
in a more cumbersome manner. For the semantics of graph G, we need
to get G(x) first. The following is Hammer’s explanation:
Let G be a graph having a portion of a line of identity [ that is enclosed by no
cuts, and let G(x) result from G by breaking [ at any part enclosed by no cuts
and then retracting each of the halves with a new variable (the same variable for
each half).112
Let’s apply this process to the line connecting P and Q in graph G. Then
the following result is G(x):

px X <
R

By continuing to apply this method, we get G(x)(v)(z):

Px X _<y Q.V
p4
RZ
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In this way Hammer also turns the network of lines into three different
variables, x, y, z. Furthermore, nothing can prevent one from analyzing
this last graph of Hammer’s into the following awkward looking graph,

that is, G(x)(y)(z)(#) (V) (w):

Q
uu—y 7Y
Px x—v VTC
W

\Z

R,

The difference between Hammer’s result and Zeman’s result is not sub-
stantial, except that the reader finds Hammer’s algorithm of retracting
lines with variables even less intuitive than Zeman’s algorithm of break-
ing a line and assigning a temporary predicate.

Hammer’s project can be called a direct semantics because it assigns
the semantics to Beta graphs directly, not through first-order sentences.
However, as we have seen so far, this directness does not provide us with
any substantial increase in understanding graphs. I do not think that a
detour through a first-order reading is a major problem for understand-
ing Beta graphs. But we should find a way to implement the visual bene-
fits of the system so that we may read off Beta graphs more easily in a
first-order language or in any existing language. After all, what Hammer
actually did under the name of direct semantics is to translate Zeman’s
reading into a Tarskian semantics and connect the latter with a graph.113
This is not an actual gain at all. If we could take full advantage of visual-
ity (especially those three aspects that Peirce believed that EG possesses)
to find a more efficient way of obtaining a first-order reading, existing
Tarskian semantics would take care of the rest.
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Logical System versus Calculus

My project on EG had two different goals, one theoretical and the other
practical. One was to articulate the philosophical framework that the
inventor of EG had in mind. The other was to explore how the graphs
of EG have been traditionally used and to suggest a better method of
using them. These latter practical suggestions for the use of EG were
based on Peirce’s general insights into heterogeneous systems. Now the
question becomes why Peirce and Peircean scholars failed to apply Peirce’s
original intuitions about EG in its actual use.

A main reason for this neglect of the original intuitions, I believe, is
that all Peircean scholars have clung to Peirce’s endoporeutic reading,
which allows only one way of reading off graphs. As seen in chapters 4
and §, as long as this method is observed, there is not much room for
other visual features to be read off.!

Clinging to the endoporeutic reading seems excusable for those who
adopted reading instructions from Peirce and chose to dismiss other
discussions by Peirce. But how about Peirce himself? Didn’t he realize
that his endoporeutic interpretation would make the visual distinctions
he emphasized for Beta graphs unnecessary? As shown in the first half of
the book, Peirce himself did not have any prejudice against the use of
icons in a logical system, and he was perfectly aware that EG is not
purely symbolic. Nevertheless, he did not fully take advantage of the
iconic elements of EG. The reader, if convinced by my arguments in
chapters 2 and 3, must wonder why Peirce’s rich theoretical framework
for heterogeneous systems was not fully implemented in his understand-
ing of his own invention EG.



164 Chapter 6

Thus, we raise the following historically interesting question: Why did
Peirce himself, who was fully aware of the iconic advantages EG has,
not exploit the visual features discovered in this book? The following
passage of Peirce’s, where he states the goal of a logical system, is one of
the best places to start:

[The purpose and end of a system of logical symbols] is simply and solely the
investigation of the theory of logic, and not at all the construction of a calculus
to aid the drawing inferences.?

A logical system is designed for the investigation of the theory of

logic, while a calculus is for making inferences. This distinction is
somewhat puzzling to us, since many of us do not hesitate to call some
deductive logical systems deductive calculi. Logical systems are widely
used for making inferences, we believe. Isn’t it the case that some logical
systems pursue the two goals—to investigate logical theories and to
make inferences—at the same time? According to Peirce, these two goals
are so different from each other that they cannot be pursued by one and
the same system. That is, they are “incompatible,” for the following
reason:
These two purposes [to investigate logical theories and to aid the drawing of
inferences] are incompatible, for the reason that the system devised for the in-
vestigation of logic should be as analytical as possible, breaking up inferences
into the greatest possible number of steps, and exhibiting them under the most
general categories possible; while a calculus would aim, on the contrary, to re-
duce the number of processes as much as possible, and to specialize the symbols
s0 as to adapt them to special kinds of inference.3

In exploring logical theories, we are interested in theoretical aspects of
inference, that is, why an inference step is valid, rather than in its appli-
cation, that is, how we make inferences. For the theoretical aspects of
inference, we need to go into the details of inferences as much as possible.
The more an inference step is analyzed, the less likely we are to make an
error about that inference, since all the details are scrutinized so that we
may obtain a full and clear justification for the step. Thus, Peirce ex-
plicitly defines ““the business of logic to be analysis and theory of reason-
ing, but not the practice of it.”4

On the other hand, a calculus is mainly invented for application,
according to Peirce. In the practice of reasoning, we want to get to the
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conclusion by way of as few steps as possible, as long as the validity of
the steps has previously been proven. The fewer steps a calculus allows
us to take, the easier the system is to use. As a contrast with the business
of logic, Peirce says the following;:
I consider that the business of drawing demonstrative conclusions from assumed
premises, in cases so difficult as to call for the services of a specialist, is the sole
business of the mathematicians.®

I argue that Peirce’s distinction between the goal of a logical system
and the goal a calculus answers our question raised above: Why did
Peirce himself fail to make his own system, EG, more efficacious? Since
according to Peirce the purpose of logic is to theorize about reasoning
(as opposed to putting it into use), a logical system is designed to find
out what has been going on in reasoning (as opposed to teaching or
helping us to reason). Therefore, the designer of a logical system is not
interested in answering whether the user can use the system in an easier
or clearer way. Efficiency is not important for a logical system, since
efficacy becomes important only when we care about the practical use of
a system.

Related to the efficiency issue, the following passage from Peirce tells
us a more specific contrast found in a logical systems and a calculus:
It should be recognized as a defect of a system intended for logical study that
it has two ways of expressing the same fact, or any superfluity of symbols,
although it would not be a serious defect for a calculus to have two ways of
expressing a fact.®
Let me illustrate the point of this passage through propositional lan-
guages. For example, the sentences ‘=P v Q’, ‘P — Q’, and ‘(P A 0 Q)’
all express the same fact, which is what Peirce means by a “superfluity
of symbols.” As long as a system is truth-functionally complete, Peirce
would recommend a logical system with fewer logical connectives.
Hence, having two connectives, for example, = and v, would be better
than having five connectives, -, v, A, —, and <. The main reason
behind this choice is directly related to the goal of a logical system that
Peirce emphasized above: to investigate logical theories, as opposed to
aiding the practice of reasoning. Having five connectives makes our life
easier but is redundant from a theoretical point of view. For a system
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used as a calculus, Peirce would choose a system with five connectives,
but not for one used as a logical system. While expressive power re-
mains the same, if a system has more connectives, more metatheorems
need to be proven. This view is not alien to us. Many logic textbooks
that focus on metatheories of first-order logic adopt not a language with
all of these five connectives but rather a language with one of the small-
est truth-functionally complete sets of connectives.

In the case of EG, the Alpha system presents only the following dia-
gram” for the fact expressed by the three different sentences ‘=P v Q’,
‘P— @, and ‘(P A Q)

P

As explained in chapter 3, a cut in the Alpha system represents nega-
tion, and a juxtaposition represents conjunction. There seems to be no
iconic sign which corresponds to v’ ‘=’ or ‘«’. Traditionally, this
has been an obstacle to the popular use of EG, since the Alpha system
was treated as equivalent to a propositional language with only two
kinds of connectives. However, as made clear in the above quotation,
according to Peirce, the aspect of having fewer connectives makes the
Alpha system a more desirable logical system than a propositional lan-
guage with five connectives. This situation is analogous to the case
where a logician would choose a language with only ‘=’ and ‘A’ (rather
than a language with more connectives) to explore metatheories of
propositional logic.

Peirce’s reason why he was not interested in a more useful and clearer

symmetry of EG’s transformation rules also stems from his distinction
between logical systems and calculi:
It is true that if our purpose were to make a calculus, the two operations, ag-
gregation and composition, would go admirably together. Symmetry in a calculus
is a great point, and always involves superfluity, as in homogeneous coordinates
and in quaternions. Superfluities which bring symmetry are immense economies
in a calculus. But for our purposes of analysis they are great evils.$

Now it becomes clear why Peirce himself did not come up with the
reading algorithms and the transformation rules presented in chapters 4
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and 5 which are more natural and more efficient than the traditional
ones. Peirce was not interested in adopting EG as an aid for the practice
of reasoning. That is, he did not consider it a deductive calculus at all.
Hence, there was no need to explore easier or more natural reading
algorithms for these graphs. There was no incentive to make EG more
efficacious, either.

As discussed in §4.3.1, Peirce suggested ‘P — O’ as a reading of the
following diagram, which is an alternative to the endoporeutic reading.

P (@

However, Peirce never developed the scroll reading fully enough to sys-
temize it. In the case of the Beta system, Peirce made a clear visual dis-
tinction between universal and existential quantifiers.” However, he did
not fully incorporate this distinction into a comprehensive reading algo-
rithm. Nor has any Peircean scholar. Things are quite similar when it
comes to transformation rules. Peirce classified transformations into in-
sertion and erasure, and placed each transformation in one of these two
categories, ignoring finer distinctions. So have Peircean scholars.

However, one main difference between Peirce and others is that Peirce
did not intend to utilize EG as a deductive calculus but others did. All
Peirce wanted to do with this system is to explore logical concepts
and theories. On the other hand, logicians have complained against EG
mainly because of the difficulty in its practical use as a deductive system.
Peirce would not have cared about these criticisms. He would have
responded to them by pointing out that EG was not invented for draw-
ing inferences. Therefore, we should not be surprised that Peirce kept to
the endoporeutic method (even though it yields quite cumbersome read-
ings) and that he stated his inference rules in a rather awkward and in-
efficient way.

After understanding why Peirce did not make EG more efficacious,
we naturally would like to ask the following question: Are the goals of
a logical system (to investigate logical theories) and a calculus (to draw
inferences) incompatible with each other, as Peirce says? If this answer
is yes, as Peirce believed, then for a given system we should choose to
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use it either for a logical system or for a calculus, but not for both.
There is indeed a grain of truth in Peirce’s intuition about this matter.
A comparison between axiomatic systems and natural deductive sys-
tems nicely illustrates this point. An axiomatic system (with more axi-
oms and with fewer inference rules) is adopted to explore metatheories,
while a natural deductive system (with fewer or no axioms and with
more rules) is used to draw conclusions from premises. A choice among
different first-order languages is determined by our purpose. A language
with more connectives or quantifiers is chosen as an aid for the practice
of reasoning, while a language with fewer connectives or quantifiers is
adopted for the analysis of reasoning. That is, there seems to be a trade-
off between the suitability of a language as a logical system and as a
calculus.

Is this trade-off necessary regardless of types of representation sys-
tems? I claim that we do not have to trade one function for the other
in the case of EG and that this is a great advantage graphical systems
have over symbolic ones. One and the same system, if a graphical one,
could be both a desirable logical system and an efficacious deductive
calculus.

In a symbolic propositional language, when we have only two con-
nectives, for example, 1 and v, our expressions sometimes become too
cumbersome to read off easily. This is why a deductive calculus has
other connectives, i.e., A, —, and <. The increase in logical connectives
does not increase its expressive power but improves its practicality. At
the same time, more metatheorems are needed for the justification of
these new connectives. So when we are concerned about metatheories of
logic, there is no need for this theoretically redundant vocabulary.

Things are quite different in the case of EG. Let us recall how I made
EG more efficacious in chapters 4 and 5. When my new reading algo-
rithms and new formulation of transformation rules were presented, no
new vocabulary was introduced. The increase in practicality did not
come from any increase in either its iconic or symbolic notation, unlike
with symbolic languages. According to Peirce’s terminology quoted above,
no “superfluity of symbols,” which is a defect for logical systems, is
created. Hence, no additional metatheorems are required.
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How, then, is it possible for a language to become easier to under-
stand or to use without any new vocabulary being added? In the case of
symbolic languages, this seems to be impossible; there is no more than
one way of reading off a linear expression such as a sentence. But in the
case of EG, we have discovered that there are multiple ways of reading
off one and the same graph. In principle, Peirce would not have any
objection to this discovery. Peirce wanted to prevent a logical system
having multiple expressions for the same fact,!9 but did no¢ seek to pre-
vent multiple interpretations for the same expression as long as they do
not create ambiguity. When the flexibility for multiple readings is dis-
covered and implemented in the interpretations of graphs, possibilities
open up to reconsider and reformulate inference rules for more effica-
cious systems. When we fully implement visual distinctions present in
graphs, the system becomes not only more intuitive and useful but also
more efficacious.

These newly interpreted and restated systems obtain a practical ad-
vantage, as illustrated in §4.4.4, §4.5, and §5.3. At the same time, these
improved systems did not lose their suitability for investigating logical
theories, as Peirce intended for the original systems. Since no new syn-
tactic devices were introduced, no new metatheorems involving basic
vocabulary are needed. Also, we did not increase the number of trans-
formation rules but rearranged them with more specific symmetries
based on visual distinctions. Again, no new metatheorem is generated at
this level either. The trade-off between an axiomatic system and a natu-
ral deductive system does not apply here. Our goal to make EG more
intuitive, useful, and efficacious is achieved without its power as a logi-
cal system being diminished. Granting Peirce’s distinction between the
purpose of logical systems and the purpose of calculi, we presented a
way to satisfy these two different goals at the same time. I do not see
how Peirce would object to this achievement.

Why did Peirce not realize that the two different goals he identified
for a logical system and a calculus are compatible in his own system? At
this point, we can only speculate. Peirce was not fully aware of every
possible difference among different kinds of representation, in spite of
his theory of signs. Unlike with a sequence of symbols, when we carve
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up one and the same graph in more than one way, this does not make
the system ambiguous. This difference does not seem to have occurred
to the inventor of the first comprehensive and logically powerful graphi-
cal system, EG.

Of course, we do not hold Peirce accountable for this neglect. After a
long, almost a century’s, prejudice against non-symbolic representation,
we, at the end of the twentieth century, might be in a better position to
see the differences more sharply than did Peirce, who did not face any
bias for or against one kind of representation.
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Conclusion

Peirce invented the system of Existential Graphs as a logical system. I
identified two main theoretical bases behind the invention: One is Peirce’s
theory of signs and representation, and the other is Peirce’s distinction
between a logical system and a calculus. These unique assumptions about
representation and logical systems played a key role not only in how EG
was created but also in how it has been understood. Peirce’s insightful
theory of signs and representation was a main source for the birth of
this impressive non-symbolic system, while Peirce’s intention to make
EG a logical system (not a calculus) prevented Peirce himself from
exploiting a better way to understand his own system. Ironically, Peirce’s
rather limited approach to EG has been inherited by Peircean scholars,
but his rich philosophical motivation behind EG has been neglected in
the course of understanding the system. My work sought to resolve this
irony in the spirit of contemporary research on heterogenous reasoning.

According to Peirce’s theory of signs and representation, there is no
intrinsic reason why the formalization of symbols, but not the formal-
ization of icons, can or should be pursued. Moreover, the mixture of
symbols and icons is not only theoretically possible, but more desirable
than the “purity” of homogeneous systems, since each kind of symbol
has its own strengths and weaknesses. Our examination of EG in terms
of both symbolicity and iconicity supports my claim that EG is a heter-
ogeneous system which aims to take advantage of both kinds of signs,
symbols and icons. This claim not only challenges the well-accepted
view that EG is a diagrammatic system but also urges us to approach
EG from two different aspects, its symbolicity and its iconicity. Other-
wise, we would fail to take full advantage of the heterogeneity of the
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system. As we saw in chapters 4 and 5, this has been one of the main
mistakes shared by every existing reading method and formulation of
the inference rules of EG, including Peirce’s.

Examining the traditional reading methods and the existing transfor-
mation rules for EG led us to conclude that EG has been understood and
used as if it were a symbolic system. Why is this so? Three related facts
are responsible for this somewhat surprising discovery. One is the gen-
eral prejudice for symbolic systems, which forces us to understand and
evaluate a non-symbolic system in terms of the criteria for symbolic
systems rather than recognizing the non-symbolic system’s own strength.!
A second reason for the misunderstanding of EG as a symbolic language,
in spite of the principle behind the birth of EG, is that Peirce’s theory of
signs and representation was not studied in the context of research on
heterogeneous systems, but only in the context of semiotics. Making a
convincing connection between Peirce’s theory of signs and his own
product probably requires a strong interest in heterogeneous systems,
which has taken place in various areas only recently.

But how about Peirce himself? Why did Peirce himself fail to utilize
the iconic features unique to this graphical system? Peirce’s distinction
between a logical system and a calculus is the third reason that EG has
been understood in terms of symbolic systems. EG was supposed to
serve as a logical system, not as a calculus, and no system could be both
a good logical system and a good calculus, according to Peirce. How-
ever, an interesting twist to the story is that Peirce’s distinction between
logical system and calculus is only valid for symbolic languages but not
for graphical languages. The inventor of one of the most impressive
heterogeneous systems applied to graphical languages what is true only
of symbolic languages.

With these three sources of misunderstanding in mind, I re-analyzed
both the Alpha and Beta systems of EG and presented new reading
algorithms and new sets of transformation rules, which make EG not
only more accessible but also more efficacious. This new approach fully
incorporates previously ignored iconic elements and provides a natural
way to read off graphs and a natural way to manipulate graphs, but
without losing its status as a logical system.
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Reconstructing Peirce’s philosophy of logical notations and making

complete use of iconic aspects in EG have enriched our understanding of
the system, and we are closer to responding to Quine’s following evalu-
ation of Peirce’s EG:
One questions the efficacy of Peirce’s diagrams, however, in their analytical
capacity as well. Their basic machinery is too complex to allow one much satis-
faction in analyzing propositional structure into terms of that machinery. While
it is not inconceivable that advances in the diagrammatic method might open
possibilities of analysis superior to those afforded by the algebraic method, yet
an examination of Peirce’s product tends rather, apagogically as it were, to con-
firm one’s faith in the algebraic approach.?

In particular, the difficulty with disjunction in Peirce’s system? has led
some to doubt the efficacy of graphical methods in general. Surely, this
is a false conclusion.* When one does not use the basic machinery of a
system fully, it is not surprising that one might not be able to obtain
what could be achieved quite readily. But when one recognizes addi-
tional visual features of the system, the difficulties perceived by Quine
can be reduced. Furthermore, as we have seen in the last section of
chapter 4, for certain purposes this graphical system is more efficient
than symbolic languages.

We distinguish among different symbolic logical systems according
to the purpose at hand. An axiomatic system is chosen for investigating
logical theories, and a natural deductive system for deduction. Similarly,
if we can articulate the differences between symbolic and graphical sys-
tems, we may sometimes choose one over the other, depending on our
purpose.

All this suggests that our investigation of graphical systems should
go further than proving the logical equivalence between symbolic and
graphical systems. This is one of the main reasons why interdisciplinary
work is crucial for further fruitful results in research on heterogeneous
systems. As explained in the Introduction, logicians, cognitive scientists,
philosophers, Al researchers, and design theorists approach this topic
from different perspectives and have produced important and fascinating
results. Now the time has come to relate the different approaches and
interests of various groups of researchers, and the work presented in this
book illustrates one of the many directions we could take for further
investigation of graphical representation as interdisciplinary research.
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It has not been my purpose to argue that EG is better than first-order
languages. On the contrary, an absolute comparison among different
representation systems seems quite misguided. What I have presented in
this limited space is a case study in understanding one graphical system
on the basis of its own strengths, not on the basis of the criteria used for
symbolic systems. I hope this approach will inspire others not only to
find further visual aspects of Peirce’s EG® and other graphical systems,
but also to find more concrete differences between graphical and sym-
bolic systems. In this way, we will be able to identify different strengths
of the different kinds of representation systems so that we may take full
advantage of the differences either in understanding existing heteroge-
neous systems or in inventing new systems.



Notes

Chapter 1

1. How this interdisciplinary project has been formed will be discussed in a later
part of this chapter. See the website Diagrammatic Reasoning Site, designed by
Michael Anderson (http://www.hcrc.ed.ac.uk/gal/Diagrams/) for current confer-
ences, books, journals, and research sites.

2. Several pieces of evidence for Peirce’s strong preference of EG to his own
algebras of logic are available. First of all, Peirce invented EG not just as another
form of logical system but as an improved version of his previous symbolic logic:
“[A thorough understanding of mathematical reasoning], then, is the purpose for
which my logical algebras were designed, but which, in my opinion, they do not
sufficiently fulfill. The present system of existential graphs is far more perfect in
that respect” (Pierce, CP, 4.429). As Roberts cites from Peirce’s letter to William
James, Peirce believed that EG “ought to be the logic of the future” (Ms L 224,
cited in Roberts 1973, p. 11). Also, it is well known that Peirce gave the subtitle
“My chef d’oeuvre” to the paper on EG.

3. Chandrasekaran, Glasgow, and Narayanan 1995, p. xvii.

4. For example, Stenning and Yule’s project relies on this relation: “This paper
applies semantic and computational analysis to the apparently contrasting ex-
ternal representations which figure in psychological theories about the internal
representations engaged in syllogistic reasoning” (Stenning and Yule, p. 110.)

5. Johnson-Laird’s development of Mental Models theory is a good example in
which a distinction between these two levels of representation is not necessary.

6. Block 1981 is one of the best collections of important papers on this debate,
and Block 1983 presents a succinct summary of this controversy and raises
insightful philosophical questions about the debate. Chapters 1-4 of Tye 1991 is
a good overview of both cognitive scientists’ and philosophers’ various positions
on this issue.

7. Kosslyn 1980a, 1980b; Shepard and Metzler 1971; Fodor 1981; Kosslyn,
Pinker, Smith and Schwartz 1981; and Finke and Pinker 1982.
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8. Pylyshyn 1973, 1981a, 1981b; Dennett 1981; Shorter 1952; and Sterelny
1986.

9. The phrase ‘mental images’ has been quite ambiguous throughout the litera-
ture. It sometimes means any form of mental representation. In this sense, both
pictorialists and descriptionalists agree that there are mental images, but disagree
that there are picture-like mental images. However, since the word ‘image’ has
been closely related to a picture-like form in our ordinary usage, some have
equated images with visual picture-like images. Hence, some descriptionalists
claim that there are no mental images. Also, some pictorialists discuss the role of
images, assuming that these images are picture-like. From now on, I will use
‘images’ or ‘mental images’ in this latter sense, unless I need to make a distinc-
tion between visual images and descriptional images.

10. See Aristotle On the Soul and On the Memory and Recollection.

11. T borrowed this phrase from Hacking 1975. This mainly refers to the
seventeenth century.

12. Smart 1959.

13. See Block 1983, Dennett 1981, and Fodor 1981. Also, Cummins 1996,
chapter 9, touches on this issue from the philosopher’s point of view.

14. In the middle of the 1960s, interest in images revived in psychology. See
Holt 1964.

15. Haber and Bower 1970a and 1970b.
16. Oatley 1977.
17. Huttenlocher and Stenning 1996.

18. Even though most of these works assume that there are mental images (that
is, they accept the pictorialists’ claim), strictly speaking they do not have to
commit themselves to the view that these images exist as basic units in our cog-
nition. Not surprisingly, various works on the functions of images have been
cited to support the pictorialists’ main point. Descriptionalists, on the other
hand, do not have to discard the discussions of the functions of images, but only
need to add that these images are not primitive units stored in our memory but
formed out of structured descriptions more like the sentences of a language. (See
Pylyshyn 1979.) However, it has been the case that those working on the roles of
images in cognition usually belong to the pictorialists’ camp, even though their
main interest is slightly different.

19. Lindsay’s “Images and inference” (1988) is a good example for this. As
the title indicates, this is about a distinct function of images in our inferences.
Without paying much attention to the distinction between internal and external
representations, Lindsay, at the beginning of the paper, relates images to the
context of memory, which clearly belongs to internal representation, but his
main points are made about external diagrammatic representations (which he
persists in calling ‘images’). Some might find a mixture between internal and ex-
ternal representation in the discussion of diagrams in reasoning in Glasgow and
Papadias 1992.
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20. Larkin and Simon 1987, p. 69.

21. A nice illustration: In Simon 1978, the author devotes a majority of the
paper to discussing whether there is more than one kind of mental representa-
tion, but as mentioned above, in Larkin and Simon 1987 (where a distinct prop-
erty of externally drawn diagrams is discussed) there is no need of discussion to
convince the reader of the existence of diagrams.

22. Recall that a contrast between picture-like mental images and linguistic
descriptions is a main issue in the imagery debate as well.

23. Simon 1978.

24. He refers to it as ‘images’.

25. Lindsay calls this way of reading off a conclusion ‘non-deductive’.
26. Refer to Sloman 1971, 1985, 1995.

27. Reasoning with Diagrammatic Representations: 1992 AAAI Spring Sympo-
sium; Cognitive and Computational Models of Spatial Representation: 1996
AAAI Spring Symposium; Reasoning with Diagrammatic Representations II:
1997 AAAI Fall Symposium; and Formalizing Reasoning with Visual and
Diagrammatic Representations: 1998 AAAI Fall Symposium. Also refer to
Narayanan 1993.

28. The following conferences are good evidence for this effort: VISUAL °98:
Visualization Issues in Formal Methods (Lisbon); International Roundtable
Conference on Visual and Spatial Reasoning in Design (MIT, 1999); Theories
of Visual Languages—Track of VL ’99: 1999 IEEE Symposium on Visual
Languages.

29. Shin 1994.

30. Zeman 1964, Roberts 1973, and Sowa 1984.

31. Barwise and Etchemendy 19935, p. 214.

32. Barwise and Etchemendy 1994.

33. For example, Larkin and Simon’s (1987) diagram of a pulley problem.

34. Sowa’s famous application of EG in knowledge representation is an excel-
lent example. Refer to Sowa 1994, 2000.

35. To borrow Simon’s (1978) phrases, these two systems are informationally
equivalent, but not computationally equivalent.

36. 1 would like to point out another important benefit from choosing Peirce’s
EG as my case study. That is our familiarity with EG and the quality and depth
of the existing work about technical aspects of the system. Thanks to pioneering
work by Don Roberts, Jay Zeman, and John Sowa, graphical notations and the
meanings of the graphs are well established. The soundness and the complete-
ness of the system have been proven. Most importantly, EG has been proven to
be equivalent to a first-order symbolic system. Therefore, rather than starting
from scratch, I can take advantage of these results to explore my issues.

37. Most of them are discussed in the context of semiotics.
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38. As we will see in chapters 4 and 35, the traditional ways of understanding EG
originate from Peirce.

Chapter 2

1. For Frege’s iconic script, refer to Frege’s Begriffsschrift (1967 [1879]) or
Kneale and Kneale 1962, chapter 8.

2. In this article, van Heijenoort aims to clarify Frege’s statement “[U]nlike
Boole’s, his logic is not a calculus ratiocinator, or not merely a calculus ratioci-
nator, but a lingua characterica” (van Heijenoort, p. 324).

3. Sluga raises a question about this relation, pointing out that “neither Boole
nor Schréder engaged in metamathematical investigations” (1987, p. 83).

4. Van Heijenoort 1967, p. 325.

5. Again, Sluga (1987) claims Frege’s and Schréder’s debate over interpretations
of logical symbolism is 7ot about different domains of individuals but about
whether one and the same logical notation can be used for arithmetic, for prop-
ositional logic, and for class logic. And the main reason why Frege was against
the multiple interpretations of the algebraic notation is, according to Sluga, Frege’s
goal to unite all of these three—algebra, propositional logic and class logic—in a
single theory.

6. Van Heijenoort 1967, p. 326.
7. Goldfarb 1979, p. 352.

8. Tappenden, in his impressive work “Metatheory and mathematical practice
in Frege” (1997), objects to this rather well-circulated view that Frege’s work
does not allow us to do metatheory. (Refer to the numerous citations from many
different philosophers in Tappenden 1997, pp. 220-221.) He argues that this
interpretation of Frege’s position originates from a hasty equation of the meta-
theory of logic and Tarski’s model theory. If this equation is assumed, what
Frege does is not metatheoretic. But Tappenden claims that this way of under-
standing ‘metatheoretic approach’ is too narrow to be interesting and that Frege’s
work is compatible with metatheoretic investigation when a proper understanding
of “metatheoretic” method is explored.

9. Goldfarb 1979, p. 356.
10. Goldfarb 1979, p. 354. (Italics are mine.)

11. Goldfarb (1979) suggests one important aspect of the tradition of a calculus
ratiocinator that van Heijenoort did not. That is, the calculus approach lacks the
notion of formal proof. Therefore, “[t]o arrive at metamathematics from the
algebra of logic [the tradition described in the previous quotation] we must add
the “mathematics,” that is, an accurate appreciation of how the system may be
used to encode mathematics, and hence of how our metasystematic analyses can
be taken to be about mathematics” (Goldfarb 1979, p. 356). Since this aspect is
not directly related to our main discussion, I will not go into the details.
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12. Goldfarb (1979) would hesitate to use the term ‘model-theoretic’ to refer to
Boole’s logic, since it is misleading to speak as if Lowenheim were in full pos-
session of the model theory of first-order logic: what is primarily missing is a full
sense of the role of the object language in formalization of mathematics” (1979,
p. 355).

13. Hintikka 1997, p. 16.
14. Hintikka 1997, p. 24.
15. Dipert 1995, p. 34.
16. Dipert 1995, p. 35.
17. Dipert 1995, p. 35.

18. In the later part of the paper, Dipert uses the word ‘formal’ in an important
way, but in a different context: “[I]f we understand ‘formal’ in the sense of
a multiply interpretable (‘uninterpreted’) symbolic calculus,...” (Dipert 1995,
p. 44). However, this use of ‘formal’ is rather close to the model-theoretic
approach I discussed in the previous subsection, but is not related to the current
discussion.

19. Dipert 1995, p. 35.

20. Even though Dipert seems to suggest that De Morgan knows “what it is to
be usefully formal” better than we do, it is far from being clear what De Morgan
meant by ‘formal’ in Formal Logic. De Morgan emphasizes the importance of
‘the structure of a sentence’ as the essence of logical form (1847, chapter 1).
However, some could take DeMorgan’s emphasis on logical form as support for
symbolic formalization (as opposed to non-symbolic formalization), as saying
that the structure of a sentence is represented more easily in a symbolic language
rather than in a graphical language.

21. Peirce, NEM, 4:314. We can find a very similar passage: “The first things I
found out were that all mathematical reasoning is diagrammatic and that all
necessary reasoning is mathematical reasoning, no matter how simple it may be”
(Peirce, NEM, 4:47).

22. Peirce, NEM, 4:47-48.

23. Note that Peirce explicitly mentions “constructing a diagram” in the quota-
tion above.

24. Peirce, NEM, 4:44.

25. Peirce’s following remarks confirm this conclusion: “In order to expound
my proposition that all necessary reasoning is diagrammatic, it is requisite that I
explain exactly what I mean by a Diagram, a word which I employ in a wider
sense than is usual” (Peirce, NEM, 4:315, n. 1). We will see more specific quo-
tations to support this widely accepted view. On the other hand, there are pas-
sages which seem to indicate that Peirce’s use of ‘diagram’ is not so different
from ours. For example, “A diagram is an icon or schematic image embodying
the meaning of a general predicate” (Peirce, NEM, 4:238). However, the evi-
dence for Peirce’s broader use of ‘diagram’ is overwhelming. Dipert correctly
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points out that “[Peirce] does not use the key term ‘diagram’ with perfect con-
sistency” (Dipert 1996, p. 391).

26. The above quotation is an example. Another example is, “In order to show
that this inference [an example of deductive inference] is (or that it is not) abso-
lutely necessary, it is requisite to have something analogous to a diagram”
(Peirce, CP, 3.418).

27. Ketner 19835, p. 408.
28. Peirce, CP, 3.418.

29. The diagram Peirce is using as an example is supposed to infer certain facts
about two provinces. (This note is mine.)

30. Peirce, CP, 3.418.

31. This is so even though it is not clear whether Peirce himself made a distinc-
tion between the syntax and semantics of a diagram. We find Peirce’s lack of a
clear distinction between syntax and semantics when Peirce presents the rules of
transformation rules for Euler [ Venn| diagrams. For more details, refer to Shin
1994, pp. 24-40. However, Miiller (forthcoming) argues that there was no
confusion between syntax and semantics in EG’s Gamma system.

32. Peirce, CP, 4.530.
33. Peirce, CP, 3.419.
34. Peirce, CP, 4.533.
35. Peirce, CP, 2.228.

36. Peirce calls them interpretant, objects, and ground, respectively. Refer to
Peirce, CP, 2.228. There is a difference between the sign itself and the inter-
pretant, but for the currentt discussion it can be ignored.

37. Peirce, CP, 2.229.

38. When Peirce takes up this question seriously, he immediately notices that the
representation of a language cannot be defined in that language itself: “Such a
figure [a diagram or diagrammatoidal figure] cannot, however, show what it is
to which it is intended to be applied” (Peirce, CP, 3.419). It is important to note
that this statement does not contradict Hintikka’s classification of Peirce’s logical
theory as being within the model-theoretic tradition (discussed in §2.1.1). If
Peirce acknowledges any attempt to talk about representation, we can infer that
he admits a meta-language level. It is not clear whether Peirce believed that we
can talk about the representation of a natural language. On the other hand, it
seems quite clear that he does not deny this effort for any formal logical lan-
guage but distinguishes between representing and represented facts. In this re-
spect, Peirce’s view is not so different from Tarski’s position toward natural and
formal languages.

39. Peirce, CP, 3.419.

40. As is well known, Peirce’s theory of signs is notoriously complicated. It starts
with the sentence “We have seen ... that every sign has these three elements:



Notes 181

First, the qualities which belong to it in itself as an object; second, the character
of addressing itself to a mind; and thirdly, a causal connection with the thing it
signifies” (CE, 3:77). Again, each of these three elements has its own trichotomy.
Among these trichotomies, the second trichotomy, that is, the division of signs
according to the relation between the sign and the object, is related to this
discussion, and hence this will be the only classification I will discuss below.
Much research has been undertaken on Peirce’s theory of sings which covers
all of these divisions. See Weiss and Burks 1945, Sanders 1970, and Olsen,
forthcoming.

41. Peirce, CE, 3:65. This is only one of the three trichotomies Peirce classified,
but it is the one in which we are interested.

42. For basic distinctions among these three, see Peirce, CP, 3.359-362. In some
of his writings, Peirce uses the term foken instead of symbol. His paper “On the
algebra of logic” (1884) is an example. Later, he consistently adopts the word
symbol (refer to “Prolegomena to an apology for pragmaticism” in The Monist
vol. 16 [1906], and Peirce, CP, 2.227-307.) Especially when Peirce discusses
types versus tokens, the choice of token as one kind of a sign could cause some
confusion. Therefore, I think the word symbol is a better choice than the word
token. Also, when 1 discuss symbolic versus graphical systems later, the term
symbol will turn out to be more appropriate for my purpose.

43. As said above, this is one of the three trichotomies of signs.

44. These differences, as we examine them one by one, are directly related to
many important topics in Peirce’s own philosophy of mathematics and logic that
will need to be discussed soon.

45. Peirce’s complicated taxonomy of signs allows for gray areas and many
mixtures among the three different kinds of signs.

46. We cannot absolutely rule out a conventional aspect of English indexicals.
After all, some words are indexicals, according to English convention. However,
the way we pick out an object by using an indexical is different from the way we
understand the meaning of the word ‘book’. In the case of an indexical, we need
more than English conventions for it to complete its mission.

47. As is well known, different theories of proper names give different answers
to the question of whether proper names have any descriptive meaning.

48. See Goudge 1965.
49. Peirce, CP, 2.286.

50. Numerous passages are found in Peirce’s writings about icons. For some of
those passages, see Dipert 1996, pp. 388—389.

51. Peirce is rather ambiguous about the status of photographs. There is a
causal relation between what Tom looks like and his picture. In this sense, a
picture has an element of an indexical function as smoke is an index of fire. (This
was pointed out by Keith Stenning.) However, the important difference is that in
the case of smoke/fire, understanding a causal relation is necessary to know that
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smoke indicates that there is fire, while in the case of picture/person, we can tell
whom this picture represents without realizing the causal relation but only by
resemblance. Therefore, there is an iconic element, which pure indices do not
pOssess.

52. Peirce, CP, 2.280.
53. Peirce, CE, 3:65.

54. Some might say that this relation is not as arbitrary as the word ‘rain’ is to
rain, since this symbol emerges from our knowledge that doves are peaceful
birds. However, a dove cannot be said to be an icon of peace, since a bird can-
not resemble peace.

55. Goodman 1976, pp. 3-5. Dipert (1996) tracks down the root of Goodman’s
fever for conventions and presents a substantial criticism of Goodman’s attack
against resemblance.

56. Dipert 1996, p. 381.

57. Hence, resemblance among representing facts is not in question here. Neither
is resemblance among represented facts.

58. Peirce, CP, 2.281.
59. Peirce, CP, 2.282.
60. Peirce, CP, 2.282.

61. According to Dipert, Peirce “notices that using circles to stand for entities
with certain properties is perfectly conventional (symbolic)” (Dipert 1996,
p. 389).

62. Photographs are good examples to show that not all visual representations
are icons.

63. For more elaborate discussions of this topic, refer to Shin 1994, pp. 168-173.

64. The resemblance between being in set A (an abstract relation) and being in-
side a circle (a visually observable relation) is a good example for the ‘direct’
semantics of diagrammatic languages argued for by Gurr, Lee, and Stenning: “A
fundamental aspect of diagrammatic languages, which distinguishes them from
sentential ones, is that generally the representing relations between diagrammatic
tokens are “directly” semantically interpreted. That is to say that, unlike senten-
tial languages, there is typically a direct mapping from some representing rela-
tion in a diagram to the relevant semantic relation.” (1998, p. 538.) I believe the
direct mapping that these authors emphasize is closely related to the character-
istic feature of icons—resemblance.

65. The abstract concept of inclusion is represented by the visually observable
relation of containment. The latter property resembles the former and hence is
an iconic representation. So are overlapping and disjoint relations. This resemble
relation is what Dipert had in mind when he stated that “the arrangement of
these circles [ Euler/Venn Circles| as, for example, overlapping or not, is (in some
respects) iconic” (1996, p. 389).
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66. No intuitive homomorphism is found in the case of corresponding symbolic
representations <, U, and N.

67. This is another aspect of representation Goodman’s (1976) criticism of re-
semblance does not address. Goodman seems to assume either a complete resem-

blance in every aspect or no resemblance at all.
68. Peirce, NEM, 4:47-48.

69. It is not clear whether Peirce would agree with this explanation, since he
sometimes seems to believe that an icon, especially a pure icon, represents
something in particular only. In this context he says “A diagram [of geometry],
indeed, so far as it has a general signification, is not a pure icon” (Peirce 1884,
p. 181).

70. As mentioned in the previous note, this is what Peirce sometimes seems to
believe.

71. For an example and a longer discussion, refer to Shin 1994, chapter 1.

72. Some might say that a triangle on a sheet of paper is only a triangle-like
figure which we can draw or erase, while a triangle in reality is an abstract
entity.

73. See Lindsay 1988; Larkin and Simon 1987; Shimojima 1996; and Gurr, Lee,
and Stenning 1998.

74. “It is always as here [the (false) axiom that the whole is greater than its part]
because it tempts him to draw a figure and judge by the looks of it what is part
and what whole” (Peirce, NEM, 4:44).

75. Peirce, CP, 4.433.
76. Peirce, CP, 2.279.

77. Lindsay (1988) would find this case as a prime example for “nonproof pro-
cedure,” which he claims is one of the characteristics that inference using visual
images possesses. According to Shimojima (1996), this is a free ride. Gurr, Lee
and Stenning (1998) say that this is a cheaper ride than many other kinds of in-
ference we could adopt for reasoning about the relation between sets A and C,
for example, manipulating symbolic representation.

78. Peirce 1884, p. 181. As I said earlier in note 42 in this chapter, he uses the
word ‘token’ here, but with the same meaning as ‘symbol.”

79. Venn 1971 (1881), p. 510.
80. For more details on this issue, refer to Shin 1994, chapter 2.

81. Some think that shading an area is very similar to erasing the area. So it is
an iconic representation of emptiness. But, compared with how Euler represents
emptiness (i.e., not having an area), Venn’s shading requires a convention. In
addition to stating that “this shading is a conventional sign of the nature of a
token [symbol],” it seems obvious that Peirce treats shadings as a symbol. When
he revises Venn diagrams, he replaces shading with the symbol ‘o’ (Peirce, CP,
4.357-4.360). 1 have also observed that many students find the meaning of
shading rather arbitrary.
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82. Peirce 1884, p. 181.
83. Peirce, CP, 4.372.
84. Peirce, CP, 4.530.

Chapter 3

1. Those who are familiar with Peirce’s Alpha and Beta systems can skip §3.1.

2. Peirce CP, 4.378. According to this linear notation, cuts are represented by a
pair of brackets (or parenthese), and juxtaposition is represented by concatena-
tion. So [G]’ is Peirce’s linear notation of the graph G enclosed in a single cut.

3. Two of these examples are borrowed from Roberts 1974, p. 51.
. For now, let’s assume that there is no function symbol in .%,.
. Zeman 1964, p. 72.

. We do not allow the overlapping between any parts of these graphs.

AN »nn b

7. We make a distinction between a cut and a cycle by the thickness of a line:
An LI, and hence a cycle, is thicker than a cut.

8. The first graph means “It is not the case that something is F,” the second
graph “Something is not F,” the third graph “Something is F, and there is at
least one more thing,” and the fourth graph “Some F is not identical with itself.”
We will look at the semantics of Beta graphs more carefully in the next chapter.

9. Many different orders are available, for example, (i) clauses 2, 2, 4, 4, 3, and
5, (ii) clauses 2, 2, 4, 3, 5, and 4, etc. The meaning of the graph is “Some F or
some G is not identical with itself.”

10. Peirce, CP, 4.378.
11. Peirce, CP, 4.385-390.
12. The reader may skip the rest of this subsection without loss of understanding.

13. Zeman 1964, pp. 72-73. 1 change some of his terminology and sentences
(without changing the content of the definition) so that the comparison between
Zeman’s and my approaches to the Beta system may become clearer.

14. Peirce, Ms. 439, p. 16, quoted in Roberts, p. 115.
15. Peirce, CP, 4.391.

16. See Roberts 1973, p. 18.

17. Peirce 1897.

18. Roberts 1973, p. 19.

19. Roberts 1973, p. 20.

20. As I will discuss in the next section, the notational device of identity lines as
the representation of something has a strong iconic element.

21. Roberts 1973, p. 20.
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22. Zeman 1968, p. 147. (The italics are mine.)

23. Peirce 1897, p. 174.

24. Refer to Roberts 1973, pp. 25-26.

25. For more details, refer to Shin 1994, pp. 163-165 and pp. 173-176.

26. As said above, displaying each piece of information without any sign inter-
vening is the closest iconic representation of conjunction we can get.

27. Recall that it is not possible to represent disjunction iconically, since dis-
junction itself is not displayed in reality.

28. Shin 1994.

29. Peirce, CP, 4.356. Throughout the discussion, Peirce mistakenly calls Venn
diagrams “Euler diagrams.” Peirce also named the section “Of Euler diagrams.”

30. Interestingly enough, the title of the paper in which his first graphical sys-
tem, Entitative Graphs, was presented is “The logic of relatives” (1897).

31. Peirce, CP, 4.442.

32. Peirce, CP, 4.442. (The italics are mine.)

33. Peirce, CP, 4.444.

34. Peirce, Ms., 462, p. 8.

35. Zeman 1968, pp. 145-146. (The italics are mine.)

36. Of course, we cannot say this convention is absolutely arbitrary, since it
relies on tokens of the same type of a variable.

37. “No way of doing this can be more perfectly iconic than that” (Peirce, CP,
4.442).

38. Roberts 1973, p. 47.

39. Peirce, CP, 4.458. X is evenly (oddly) enclosed if and only X is enclosed by
an even (odd) number of cuts.

40. These two graphs are borrowed from Roberts 1973, p. 51.

41. Zeman cites the above passage from Peirce, CP, 4.458, at Zeman 1964,
p. 11. Roberts also says the following:

The ‘principle secret’ of interpretation (as Peirce phrased it in Ms 454, p. 18) is
this: we are to consider a line of identity to be as much enclosed as its least
enclosed (that is, its outermost) part (cf. 4.387); and if this part is on SA [the
sheet of assertion] it denotes something suitably chosen, but if its outermost part
is once enclosed it denotes anything you please (cf. 4.458). (Roberts 1973, p. 51)

[I]f this outermost part is evenly enclosed the line refers to “some” suitably
chosen individual, while if the outermost part is oddly enclosed the line refers to
“any” individual you please. (Roberts 1992, p. 645.)

42. Roberts 1973, p. 53.
43. Roberts 1973, p. 52.



186 Notes

Chapter 4

1. Zeman 1964, pp. 124-137, and Roberts 1973, pp. 139-151.

2. In chapter 6 relevant passages are cited from Peirce and discussed at great
length.

3. Throughout chapters 4 and 5, I concentrate on particular criticisms against
EG, rather than problems with graphical systems in general.

4. For a discussion of the visual power of Euler diagrams, refer to Hammer and
Shin 1996.

5. As introduced in the previous chapter, the Alpha system, the EG equivalent to
sentential languages, consists of only two kinds of syntactic devices, that is, cut
and juxtaposition. Hence, intuitively, this system seems similar to a sentential
language which has only two kinds of connectives, i.e., conjunction and negation.

6. Roberts 1973, p. 39.
7. Roberts 1973, p. 39.
8. Peirce, Ms. 650, pp. 18-19, quoted by Roberts 1973, p. 39, n. 13.

9. A sentence is in negation normal form iff every negation symbol is immedi-
ately followed by a sentence symbol only.

10. Throughout the chapter, ‘subgraph’ has the same meaning as Peirce’s ‘par-
tial graph’. For Peirce’s meaning of ‘partial graph’, see Roberts 1973, p. 33.

11. It can be easily shown that the set %’ is equivalent to the set %, defined in
§3.1.1.

12. Peirce, CP, 4.378. Peirce also introduces parentheses, brackets, and braces
for his linear notation, which seem to have been intended for visual clarity. For
example, according to Peirce, the graph in example 4.1 would be translated into
{(P)[(Q)R]}. White also adopts this linear notation not only because it is easier
to put these notations into print than graphical ones, but also because he wants
to show that “the Alpha system is distinguished not by being graphical or iconic,
but by its ingenious inference rules” (1984, p. 352). White also makes a distinc-
tion between even and odd areas, by replacing “the parentheses immediately
enclosing an even area with square brackets” (1984, p. 353). According to this
notation, the graph in example 4.1 is translated into [(P)[(Q)R]]. However, both
Peirce’s original notation and White’s modified version easily lead to a confusion
when a graph is complicated in having several nestings. Therefore, I do not in-
tend to transform the entire Alpha system into this linear notation system. On
the other hand, T agree with White that it is not always easy to draw graphs on
paper. Hence, I adopt brackets, [ |’, for convenience only in simple cases, that
is, only when it is not visually confusing. I chose to use brackets, not parentheses,
in order to avoid confusion with parentheses in first-order translation sentences.

13. Without this condition, we would obtain an infinite number of derivational
histories for one and the same graph, which would prevent us from getting a
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recursive definition of unique translations. Note that graph P could be a juxta-
position of P and an empty space, or a juxtaposition of P, an empty space, and
an empty space, etc.

14. Recall the condition in the third clause of the set of Alpha graphs: None of

Gi,...,G, is an empty space. We do not want to obtain an infinite number of
readings from one graph.

15. Roberts 1973, p. 46.

16. Set %' is defined in §4.2.1. After proving that ¥, = %', one may prove
lemma 4.1 using the definition of ¥%,. In that case, a cut of a sentence letter
and an empty cut are not included in the basis cases. Also, there will be
only two inductive cases: (i) v | [G] iff v [ [[G]], and (ii) v }=f G1...G, iff
v béf [G] Gn]

17. We adopt the definition of Alpha graphs presented in §3.1.1, %,, which is
equivalent to the definition of 4’ presented in §4.2.1.

18. According to Roberts’ rearrangement of Peirce’s conventions, the conven-
tion for material implication became convention 4, while it was the third con-
vention according to Peirce. For Peirce’s numberings, see Peirce, CP, 4.436-437.
(My note.)

19. Roberts 1973, pp. 33-35.

20. For a linear representation, Peirce adopts brackets and parentheses to ex-
press a scroll. That is, ‘[X [Y]]’ is expressed as ‘[X(Y)]” by Peirce. See Peirce, CP,
4.378.

21. In this case, it happens to be the same as the formula obtained by the NNF
reading method of the second section.

22. The following four cases correspond to the four cases listed in example 4.9
in the previous subsection.

23. This is the clause for a translation of graph [[X][Y]] into the sentence (o v f),
where o is a translation of X and f is a translation of Y.

24. “For any graph P, let ‘{P}’ denote the place of P (Roberts 1973, p. 38).
(My note.)

25. Roberts 1973, pp. 41-45.

26. These four do not exhaust the possible construction sequences.

27. 4,in §3.1.1 and ¢’ in §4.2.1.

28. Peirce, CP, 4.380.

29. For more discussion of this issue, refer to Shin 1994, chapter 6.

30. Richard White also rewrote Peirce’s permissions (Peirce’s rules) to make
the symmetry more specific, by using ‘even introduction’, ‘even elimination’,
‘odd introduction’, and ‘odd elimination’ (see White 1984, p. 353). However,

[3X3

his project starts with the conviction that “‘iconic’ notation is logically in-
essential” (White 1984, p. 352). Hence, he transforms Alpha graphs into linear
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expressions, which does not make the meanings of inference rules under-
stood easily. White seems to believe that graphical notations are confusing, but
he does not realize that linear expressions with many parentheses, not having
visual clarity, are even more confusing. For instance, in one of his examples,
(TA(BCODITAB)I(AIC)]D]), it is not easy to see how parentheses and brackets
are matched (White 1984, p. 353).

31. Tadopt Roberts’ notation here. Roberts says, “It is convenient to inject some
order into the areas of graphs. For any graph P, let {P} denote the place of P.
And let the relation symbol = be defined as follows: {B} is enclosed by every cut
that encloses {A} if and only if {A} 2 {B}. The sign 2 may be read ‘contains’”
(Roberts 1973, p. 38). With this notation, Roberts defines the identity of the
areas: “If {P} 2 {Q} and {Q} = {P}, then {P} = {Q}, i.e., P and O are scribed
on the same area” (Roberts 1973, n. 11, p. 38). Then we give the following
definition:

Definition Area b is the next-outer area from area a if and only if (i) a = b, (ii)
a # b, and (iii) there is no other area between a and b.

For example, in the following, P is in the next-outer area from {Q}:

32. A double cut consists of two cuts where one is enclosed by the other and
nothing is written between these two cuts.

33. We write a < b if and only if area a is contained by area b. (See note 31.)

34. Dots express other possible subparts of a graph. The letters ‘E’ and ‘O’ are
not part of the graphs but marks for E-area and O-area, respectively. For exam-
ple, Y is in an area enclosed by an even number of cuts.

35. The erasure rule allows us to erase anything in an E-area. So we do not need
the deiteration rule in the case of E-areas.

36. There seems to be no rule in EG which corresponds to the A-introduction
rule. Hammer notices that “Any needed information must be carried along as
one proceeds” (Hammer 1995 p. 105).

37. Dots express other possible subparts of a graph.

38. This redundancy is explained in §4.4.1 and §4.4.2 in detail.
39. Dots express other possible subparts of a graph.

40. This reading is obtained by the NNF reading method.

41. This example was used by Peirce to explain “logically necessary reasoning”
and was also cited in Roberts 1973, p. 111.

42. Refer to examples 4.11, 4.12, and 4.13.

43. A way to get around this problem is by introducing substitution among
sentence letters and subgraphs.
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Chapter 5

. Zeman 1964, chapter 2.

. Roberts 1973, chapter 4.

. Refer to §3.1.2.

In §5.4, I will discuss recent work on Peirce’s Beta graphs by Eric Hammer.
. Zeman 1964, chapter 2.

. Roberts 1973, chapter 4.

. Zeman 1964, chapter 1. By “the available algorithm for Alpha graphs,” I
mean the endoporeutic reading method discussed in §4.1.

NS LA W

8. He also correctly realizes that LIs of the Beta system (roughly) correspond to
variables of a first-order language.

9. Zeman 1964, p. 72.
10. Zeman 1964, p. 74.

11. Zeman himself uses L, but for a clearer comparison, I adopt a letter with a
superscript, 2, for a temporary binary predicate.

12. Zeman himself uses B, but for the same reason as above, I adopt a different
symbol from Zeman’s.

13. Zeman 1964, p. 79. Again, according to Zeman, these are L and B.

14. Zeman uses the symbol O instead of L!. Again, I adopt a letter with a super-
script 1 to make it clear that it is a unary temporary predicate.

15. Note that the order of the variables in the formula ‘L2xy’ (of the third
graph) is important. So the stipulation of how to preserve the order of variables
is needed.

16. Zeman 1964, p. 81.
17. Note that =3xP(x) # Ix—P(x).

18. These clauses are a total reconstruction of the content in Zeman 1964,
pp. 78-88.

19. Temporary predicates are also included.

20. This is the traditional reading method (i.e., the endoporeutic method) of the
Alpha graphs discussed in the previous chapter, §4.1.

21. Refer to the third clause of Zeman’s algorithm above.
22. Refer to note 41 in chapter 3.

23. Zeman 1964, p. 12.

24. Refer to §4.1.

25. When a wff is transformed into a sentence, “for each variable x in the wff,
write 3x in front of the shortest subformula which contains all the occurrences of
x.” (See Zeman’s reading algorithm clause (3).)
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26. Roberts 1992, p. 643.

27. Roberts 1973, p. 137. These conventions are rewritten by Roberts, and at
the end of each convention Roberts indicates its source from Peirce, CP.

28. The closest translation of a heavy dot is ‘Ix(x = x)’.
29. Roberts 1973, p. 49.
30. Roberts 1973, p. 53.
31. Roberts 1973, p. 53.

32. 1 suspect that Roberts analyzes the line to be one network of a line with
three branches, like the following:

&

33. Roberts 1992, p. 645.

34. Roberts 1992, p. 645.

35. Peirce, CP, 4.468.

36. Refer to the previous subsection, §5.1.1.
37. Peirce, CP, 4.469, and Roberts 1973, p. 53.
38. Roberts 1992, p. 645.

39. Roberts 1973, p. 60.

40. The sentence ‘VYx3y(MotherOf(x,y) — Loves(x,y))’ is equivalent to
‘Vx3y(—MotherOf(x, y) v Loves(x, v)).” Hence, this sentence is always true,
since no one is a mother of himself or herself. On the other hand, a correct
translation for the English sentence ‘Every mother loves some child of hers’ is
“Vx(IyMotherOf(x, y) — 3z[MotherOf(x,z) A Loves(x,z)]).”

41. Roberts 1973, p. 60.
42. Robert 1973, p. 51.

43. The quotation of note 41 above is an example of this, even though it yields
an incorrect result for a different reason.

44. These two graphs are borrowed from Peirce, Ms., p. 3. Also refer to Peirce,
CP, 4.452.

45. “C7 A heavy line, called a line of identity, shall be a graph asserting the
numerical identity of the individuals denoted by its two extremities” (Roberts
1973, p. 137; my note).

46. Roberts 1973, p. 52.

47. Roberts 1973, p. 52.

48. Roberts 1992, pp. 645-646.
49. Roberts 1992, p. 644.

50. Roberts 1992, p. 644.
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51. Notice that the following graph would not be a correct one, since both
predicates P and Q become binary in this graph, while P and Q are unary in
AxIy(Px A Oy A x # y)’.

P— Q

52. Since the line is not disconnected or divided visually, as seen in the examples
above, we do not want to say that the line is disconnected or divided.

53. For graph (3), recall that a cycle is a special case of an LI See §3.1.2.

54. In a clockwise direction.

55. If a cycle is clipped, then by clause 2(b)(ii) an identity wif is written inside
the cut.

56. Refer to §4.2.1.

57. However, we do not erase them, since we need them later.

58. A main difference between the graphs we have now and Zeman’s quasi-
Alpha graphs is that ours do have Lls but Zeman’s do not. Since we will not
read off Lls in this process, we may call them quasi-Alpha graphs.

59. A quasi-Alpha graph is the same as an Alpha graph except that it has an
atomic wff or T instead of sentence symbols. Very similarly to what I did for
Alpha graphs in §4.2.1, I define a simple quasi-Alpha graph as follows:
Definition Graph G is a simple quasi-Alpha graph iff G is an atomic wff, a
single cut of an atomic wif, T, a single cut of T, an empty space, or a cut of an
empty cut.

60. In this linear notation, cuts are represented by brackets.

61. Recall that in step 2 variables are written at the outermost part of the
line.

62. If there is no subformula containing v;, this step is skipped. When we illus-
trate each clause of the algorithm, the condition ‘the smallest negation-normal-
form subformula’ will be clarified.

63. If there is no subformula containing v;, this step is skipped.

64. Let’s say 2; is either 3 or V and is decided depending on where variable v; is
written.

65. The condition in clause 2(b) that an LI crosses an odd number of cuts is
important.

66. Notice that the second cut does not clip the line.
67. Note that clause 2(b)(ii) is not applied yet.

68. We sometimes would like to write down variable [v;] in a non-outermost
part of the line so that we may keep track of it. But in this case, without brack-
ets, there would be confusion as to how to apply clause 5 correctly.
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69. Zeman defines a non-geodesic line to be a line which crosses one and the
same cut more than once, and his reading requires that a non-geodesic line be
broken into two parts to receive two different types of variables. For more
details, refer to §5.1.1.

70. When we need to write down a token of the same type of variable to keep
track of an unclipped part of an LI, brackets are used. For step 5, since we are
interested in the outermost part of an LI, we ignore the positions of the variables
in brackets.

71. Note that Zeman’s reading requires us to add a quantifier in front of the
smallest subformula. Let’s recall that Zeman’s algorithm never allows us to add
a universal quantifier. So, by adding an existential quantifier in front of the
smallest subformula, an existential quantifier is always placed next to a negation
symbol, if any, which is the way a universal quantifier is expressed.

72. The reader can easily figure out ‘T’ and ‘=T’ can be ignored in ‘T A
(IxVy—Fxy v —T).

73. Refer to §5.1.1.

74. We have seen how Zeman’s reading results in —3dx3y[x = y A 2Juv-
(u = v A (MotherOf(x,u) A mLoves(y,v)))], which is logically equivalent to
Vx3y(MotherOf(x, y) — Loves(x, y)) but uses four types of variables. I pointed
out that Robert mistakenly thought that this graph represents the English sen-
tence ‘Every mother loves some child of hers’.

75. Refer to §5.1.2 and Roberts 1992, pp. 645-646.
76. Roberts 1992, p. 645.
77. ‘P(x)’ means x occurs in a formula as one of the arguments.

78. Roberts 1973, pp. 56-60. For the original version of Peirce’s rules, see
Peirce, CP, 4.505-509.

79. “For any graph P, let ‘{P}’ denote the place of P’ (Roberts 1973, p. 38; my
note).

80. Peirce, CP, 4.506.

81. Roberts 1973, p. 57.

82. Peirce, CP, 4.506.

83. Roberts 1973, p. 57.

84. Roberts 1973, p. 59.

85. This is the double cut rule for the Alpha system. (My note.)
86. Zeman, p. 16. The italics are mine.

87. Peirce, CP, 4.508.

88. This is what Peirce, Zeman, and Roberts have done. Refer to the parts
which address the manipulations of LIs in R1, R2, R3, and R4 above.

89. As Peirce originally stated his rules, the validity of several subclauses of both
the iteration and deiteration rules is far from being clear.
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90. The only addition in the Beta system is that we are allowed to draw an LI in
an E-area. However, since an LI in an E-area without any predicate attached
means T, this addition is obviously legitimate.

91. The parts ““...” are the same in both translations.

92. This is why NR3(b) and NR4(a) have more subclauses than NR3(a) and
NR4(b).

93. I will go through the three clauses of NR3(b), and since NR4(a) is a mirror
image of NR3(b), I will leave it to the reader.

94. Suppose that there is no other LI which this extension overrides.

95. Suppose that the extension overrides another LI whose outermost part ends
in an O-area. Assume that the variable x is assigned to the LI which we are
interested in extending.

96. Suppose that the extension overrides another LI whose outermost part ends
in an E-area. Assume that the variable x is assigned to the LI which we are
interested in extending.

97. I explained above why I decided to add these two new rules, instead of
adding them to the two existing rules NR1 and NR2.

98. Notice that Roberts did not state the counterpart of his R3(c) in his deiter-
ation rule R4.

99. Note that R3(c) allows the extension of an LI, but only inwards.

100. Roberts 1992, p. 652. Graph (4) corresponds to Roberts’ figure 65, and
graph (§) to figure 66.

101. Hammer 1998.

102. Hammer 1998, p. 492.

103. Some might notice that Zeman’s definition of Beta graphs give us two dif-
ferent derivational histories for graph (3) and graph (3’), since Zeman’s cut clo-
sure does not allow us to draw a single cut in any subpart of a given Beta graph,
but only a full cut. So for Zeman, the history of graph (3’) is the following:

@— Connecting closure
_ Cut/Juxtaposition closures

P— — Predicate closure

— — Ll's

However, Hammer does not consider this syntactic definition at all. As we will
see shortly, Hammer’s semantics does not treat the identity line in graph (3') as

two different identity lines to be joined by Zeman’s connecting closure. Instead
both identity lines in (3) and (3') are treated as one single line.

104. Later we will examine Hammer’s algorithm for this process.
10S5. Hammer 1998, pp. 498-499.
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106. Hammer 1998, pp. 499-500.

107. Note that these are not the same as the graphs in the basic set of well-
formed graphs.

108. Hammer 1998, pp. 500-501.
109. Hammer 1998, p. 499.
110. According to his presentation, clause 7.

111. The set of Hammer’s well-formed graphs is a subset of the set of v-Beta
graphs. All we have to prove is that the graphs constructed by Hammer’s S1(b),
S2(a), and S2(e) may be constructed by our new clauses. I leave the details of the
proof to the reader.

112. Hammer 1998, p. 499.

113. A slight modification is that Hammer uses the notion of retracting lines
with variables, while Zeman introduces temporary predicates.

Chapter 6

1. Recall that adopting the endoporeutic reading does not allow us to read off a
visual distinction for universal and existential quantifiers. Another clear visual
feature Peirce emphasized—the treatment of scope among quantifiers—is not
useful, either. Moreover, perceiving a scroll is not reflected in the traditional
method.

. Peirce, CP, 4.373.
. Peirce, CP, 4.373.
. Peirce, CP, 4.134, quoted by Haack 1993, p. 48.
. Peirce, CP, 4.134.
. Peirce, CP, 4.373.

7. One exception is the use of double cuts: We could draw double cuts to make
a different diagram but represent the same fact.

8. Peirce, CP, 4.375.
9. Refer to §3.3.2.
10. Refer to the quotation of note 6, from Peirce, CP, 4.373.

AN L W

Chapter 7

1. As identified in the Introduction, this is a classic example to illustrate a vi-
cious circle between a prejudice for symbolic systems and an unclear distinction
between symbolic and graphical systems.

2. Quine 1934, p. 552, quoted in Roberts 1973, p. 13.
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3. Traditionally, disjunction is believed to be indirectly expressed in EG in terms
of negation and conjunction.

4. Even though there is no separate graphical sign for disjunction, we are able to
read off disjunctive information from Peirce’s graphs. See §4.2.1. As argued in
the previous chapter, this is a strong point of this graphical system, since it does
not generate more metatheorems but increases its expressive power.

5. It would be an interesting and quite feasible project to apply this idea to
Peirce’s Gamma system.
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